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AserucsaH A.C., Kazapsn K.B.
YeToliuHBOCTb YIPYIoii MHOrONIPOJICTHOM IIACTHHBI,
onupauieiics Ha NepUOANYECKH PACIOJI0KeHHbIe BHEIHHE KeCTKHe 0MopbI
KiioueBble cj10Ba: NEpUOANYECKH CTPYKTYpHPOBaHHAs IIACTUHA, YIPYras ycTOHIuBOCTh, MeToA brnoxa-dioke,
MHOTOITPOJIETHAS TIACTHHA, AHAJIU3 YCTOWYMBOCTH IIIACTHUHBI.

B pabote uccienyercs morepsi yCTOHUMBOCTH MEPUOAUYECKH CTPYKTYPUPOBAHHOM, IBYXKOMIIOHEHTHOMU IU1a-
CTHHBI, TOABEpPracMoOi paBHOMEpPHOMY CkaTHiO. C)KMMAroIlue Harpy3Kd IPHJIOKEHBI K IPOTHBOIIOJIOKHBIM
rpaHsM IUTACTHHBI U ACHCTBYIOT BIOJb CPEIMHHON MOBepXHOCTH. KOHCTpyKIms muactuHbl GopMupyeTcs depe-
JYIOIIMMUCS. CETMEHTaMH M3 JIBYX Pa3JIMYHbIX YIPYTHMX MAaTEPUAJIOB U OIUPAETCS HA CUCTEMY BHELIHUX XKECTKUX
JUHEWHBIX OIOp, PACIONOKEHHBIX C 3aJaHHOM MEepHOAWYHOCTHIO. MCroyb3ysl MEepHOAMYHOCTh T'€OMETPHH U
Harpy>XeHus IJIaCTHHBI, aHAJIM3 YCTOMYMBOCTH CBOJUTCS — IOCPEACTBOM CTaHIAPTHBIX MeToJ10B bioxa—dioke —
K PEIICHUIO COOTBETCTBYIOIIMX KPAaeBBIX 33/1a4 JUll OCCKOHEYHOH JIBYXKOMIIOHEHTHOM M KOHEYHON OHOPOJHOM
MHOTOIPOJICTHBIX TUIACTHH. Takoe CBeAeHHE 00CCIeUNBACT BHIUUCIUTEIBHO I(PPEKTHBHYIO OCHOBY ISl OLICHKH
KPUTHYECKUX COCTOSHHH MOTEPU YCTOHUMBOCTH, COXPAHSs NMPU 3TOM KIIOYEBBIE MEXaHMYECKHE OCOOCHHOCTU
HMCXOJHOM TIEPUOMICCKON apXUTEKTYPHI.
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This work investigates the buckling of a periodically structured, piecewise bi-material plate subjected to uniform
in-plane compression. The plate is formed by repeating segments composed of distinct elastic materials and
supported by a rigid array of periodically spaced external line supports. Compressive loads act uniformly along the
mid-surface on opposite faces. Exploiting the inherent geometric and loading periodicity, the stability analysis of
the plate is reduced via standard Bloch—Floquet periodicity arguments to a boundary-value problems defining an
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infinite bi-material and finite homogeneous multi-span plate. This reduction provides a computationally efficient
basis for evaluating buckling behavior while preserving the fundamental mechanical properties of the underlying
periodic architecture. This also supports the design and optimization of advanced multi-material structural
systems.

1. Introduction.

The stability of thin-walled structural elements—such as beams, plates, and shells—has
long been a central topic in engineering mechanics [1,2]. These components frequently
appear in load-bearing systems where buckling and post-buckling behaviour govern design,
safety, and performance. Among them, multi-span plates supported by internal constraints
constitute an important class of structural systems encountered in bridges, building floors,
aircraft fuselage panels, ship decks, and other engineering applications [3,4,7]. Their
stability response is strongly influenced by the type, stiffness, and spatial arrangement of
internal supports, making them a subject of sustained research interest.

A substantial body of work has examined the vibration characteristics of rectangular plates
equipped with internal point supports, line supports, or mixed boundary conditions. These
studies have clarified how discrete or continuous internal constraints modify natural
frequencies, mode shapes, and dynamic response under various loading scenarios [5,8—11,
14]. Parallel investigations have focused on the static bending behavior of plates with
elastic or rigid internal supports, revealing significant effects on deflection patterns, stress
distributions, and load-carrying capacity [3,4,6,7,9,13].

In recent decades, research on periodically arranged elastic and piezoelastic structures has
expanded rapidly, driven by developments in phononic and photonic materials. These
studies have primarily addressed wave-propagation phenomena, including dispersion
characteristics, band-gap formation, and dynamic filtering effects in periodic media [15].
Periodic structural configurations—whether arising from material heterogeneity, geometric
repetition, or discrete support patterns—have proven essential in the design of advanced
metamaterials and vibration-control systems.

Despite this extensive literature, the static stability of periodically supported structural
members has received comparatively limited attention. To the best of our knowledge, only
few works have addressed the stability of periodically arranged elastic beams. Using
Floquet theory, these studies analyze the buckling behavior of a compressed piecewise
bi-material beam with periodic supports and a periodically pinned beam interacting with an
elastic foundation [11,16,17]. Their findings demonstrate that periodicity in support
conditions can fundamentally alter the stability landscape, producing non-classical buckling
modes and sensitivity to geometric and material periodicity.

However, no systematic investigation appears to exist on the static stability of bi-material
multi-span plates resting on periodically arranged rigid line supports. The interplay between
bi-material composition, multi-span geometry, and periodic support distribution introduces
a rich structural configuration whose stability characteristics remain unexplored.

The present paper addresses this gap by developing a comprehensive stability analysis for
such plates. We formulate the governing equations, construct the appropriate boundary and
continuity conditions, and employ a Floquet-based framework to characterize the buckling
behavior of bi-material multi-span plates with periodic rigid line supports. The results
provide new insights into the stability mechanisms of periodically constrained plate systems
and establish a foundation for further analytical and computational developments in this
area.
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2. Statement of problem, stability equation of a bi-material plate
Let consider a piecewise bi-material rectangular plate constituted by periodically repeated
two sub-plates made from different elastic materials. Each of these sub-plates of widths

d,,d,,(d=d,+d,) is labelled by the index (S)=1, (S)=2 within sub cells
xe((n-Dd,nd—d,) and xe(nd-d,,nd) of the plate unit cell
xe((n-1)d,nd),ye(0,a).

The sub-plates rested at interfaces x=(n—-1)d; Xx=nd—-d,; X=nd, on the rigid

supports. At these locations, the plate displacements vanish, reflecting the kinematic
constraint imposed by the supports. In contrast, the bending moments and rotation angles
remain continuous across the interface. This continuity follows directly from the
compatibility requirements of classical plate theory: even when the transverse displacement
is fixed to zero, the plate must still transmit bending actions and maintain smooth rotational
behavior to avoid artificial singularities in curvature.

The plate is compressed in its middle surface by forces uniformly distributed along opposite

edges Y =0,y =a (Fig.1). Magnitude of these forces per unit of edge length be denoted

by P.
In sub-plate regions we have the following equations of plate stability

oW,
D,A'W, +P ayzl =0 @

where Wj (X, y) are the plate transversal displacements, D j is the bending stiffness.

At the plate material separation lines, where the rigid supports are located Y € (0,a),
x=(n-1)d,x=nd —d,,x =nd, the plate displacements are equal to zero

W, =0; W,=0, (2a)

bending moments and rotation angels are continuous

oW, _ oW, . D, 62\/\2/1 _p, 82\/\2/2 . (26)
OX OX OX OX
At Yy =0, y =a we assume the conditions of the simply supported edges
: oW,
W, =0; Y 0 ®)

Assuming that under action of compressive force the plate buckling in sinusoidal modes
and noting that P/ Dj > m"znz/a2 [2] we take the solutions in the elementary unit cell of
plate in the form

W, (X, y) =D U, (X)sin (%); (m=12,3.....) (@)
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U, (x) = A;sin(q;x) + A,; cos(d X) + Ay; sinh(p;x) + A, ; cosh(p;X)

1 Pa* , ,. 1 Pa® ,, ®)
q;==,|mn -m*n?;  p, ==, |mn +m’n
D a D.

Fig. 1 Scheme of laterally compressed finite graded plate consisting of periodically
repeating bi-material rectangular plates of different elastic materials resting on rigid
supports.

Solutions (5) satisfying to conditions at the rigid supports
U,((n-1)d)=0; U,((n-1)d +d,)=0; U,(nd)=0, U,(nd—-d,)=0; (6)
can be cast as
U, 00 =A,f, (X)+A,f,(X)
where the following notation are used
f.,(x) =sin(q,x) +csch(p,d,)sinh ( p,d(n—1) — p,x)sin(p,d (n-1) + p,d,) -
—sin(q,d (n-1))sinh(d (n—-1) + p,d, — p,X),
f,, (X) = cos(q,x) +csch(p,d;) cos(q,d (n—1) +q,d,) sinh(p,d (N —1) — p,x) —
—cos(d(n-1)q,)sinh(p,d(n-1) + p,d, — p,X),
f,. (x) =sin(q,x) +csch(d, p,)sin(a,d, — g,dn) sinh(dp,n — p,x) —
—sin(dng, ) sinh(—dp,n + p,d, + p,X),
f,, = cos(qg,x) —csch(d, p,) cos(q,d, —q,dn)sinh(p,dn— p,x) +
+cos(dng, ) sinh(—dnp, + p,d, + p,X)

U]
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Since interface continuity conditions are imposed on the functions 8_

consider the following column vectors

du, _du,) :
Uil e Dae | A(Anay)

Using solutions (7), the vectors U j in-a matrix form can be cast as
U, (x)=F; (X)-A,

]

where
d, d
dx dx
FOO=l grr gt
D.—1 D )2

i dX2 i dXZ
Eliminating vectors A from (9), using the matrix method procedure

U,((n-1d)=F ((n-Dd)A; A =F"((n-1)d)U,((n-1d);

U,((n-1d+d,)=F ((n-1)d +d,) A,

M, =F ((n-1)d +d,)F*((n-1)d);

the link relation for Ul( ) vector within first material can be found as
U1 ((n _1)d + dl) = M1U1 ((n _1)d )

Repeating the same procedure for vector U, (X) we get

U,(nd)=M,U, (nd -d,)

U,
X ) ox?

j

®)

(9a)

(9b)

(10a)

(10b)

(11)

Herein M, is the unimodal propagator matrix. The explicit expressions of the unimodal

propagator matrix M elements can be derived as

M, = n; 9
9

. p,cosh(d, p; )sin(d,q;)—a,cos(d,q; )sinh(d,p, )
) pjsin(d.q.)—q.sinh(djpj)

2p,q, (1—cos(djq )cosh(d, p, )+(pf—q )sin(d,q; )sinh(d,p,)
- Dj(pj+q,—)(pjsm(djq,— —q,sinn(d, p, ))
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_ D, ( p; +qf)sin(djqj )sinh(dj P; ) .
s p,sin(d,g;)~gsinh(d,p; )

Let note that elements of matrix Mj do not depend of the unit cell number N.

9

(12)

Enforcing the continuity of bending moments and rotations at the interfaces of two
materials where the rigid supports are placed

U,((n-1d+d,)=U,(nd -d,) (13)

we come to the following relation linking the vectors of bending moments and rotation
angles at the edges of the N -th unit cell

U,(nd)=MU,((n-1)d); M=M,M, (14)

3. Solution for periodic infinite multi-span plate
In the framework of Floquet theory applying the quasi-periodic conditions at the ends of the
plate unit cell

U,((n-1)d)=2U,(nd) (15a)

Here A =exp(ikd), k is the Floguet- Bloch wave number
Taking into account (13) the following matrix equation is obtained

(M-A1)U,((n-1)d)=0 (15b)

here | is the identity matrix.
From the condition of non-trivial solutions of (15) equating to zero the determinant of
matrix M — AI one can find the following equation providing the dependence between

critical force P, and the Floguet- Bloch wave number
L 08, +0,9,

2
Regions of the compressive force where |tr(M| > 2 ( kis complex) correspond to plate

cos(kd):%tr(M) =nm, (16a)

stability regions. The plate instability regimes are regions where |tr(M)| <2 (Kisreal).
The critical value P will be evaluated from equations
2nn, +6,9, +0,9, =2 (16b)

4. Stability of a finite length homogeneous multi span plate

For homogeneous plate D, = D, d, =d,n, =n,0, =0,3, =5 we have that

2
cos(2kd)=n’+09, cos? (kd ) = w (17)

Taking into account that detM =n?-09=1, we come to the following Floguet

characterizing equation for compressed homogeneous plate resting on periodically arranged
rigid supports
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pcosh(dp)sin(dq)—qcos(dq)sinh(dp)
psin(dq)—qsinh(dp)

Let now consider the homogeneous plate on periodically arranged N +1 rigid supports.

The relation linking at the U(nd), U((n—l)d) at the edges of the N -th unit cell is

given by equation (12)

Repeating this procedure the n-th times the propagator unimodal matrix M" can be found.

The matrix M" links the vectorsat X =0 and X = Nd edges of the plate

MYU(0)=U(Nd), n=12,...N (19)

According to Sylvester's matrix polynomial theorem for 2x2 matrices the elements of the

cos(kd)=n(P) =

(18)

. . n
unimodal matrix M" can be cast as

M., M
Mn — 11 12 (20)
(le Mzzj
Mll:nsn—l(s)_sn—z (S); M,, :eSn—l(S)
M21:88n71(s); M,, ZHSH(S)—SH (S)

where Sn (S) are the Chebyshev polynomials of second kind, namely
sin((n+1)arccos(s)) .

S, (s s=n(P
() arccos(s) n(P)

The first Chebyshev polynomials of second kind are

So(s)=1, S(s)=2s; S,(s)=4s"-1

Subsequent polynomials may be obtained from the recurrence relation of Chebyshev
polynomials of second kind

Sn (S) = 288n—1 (S) - Sn—z (S)

The relation (18) enables us to consider the three boundary value stability problems for
compressed plate

1) The edges X =0, x = Nd are simply supported

2) The edges X =0, X = Nd are clamped

3) The edge X =0 is clamped, the edge X = Nd is simply supported

4) The edge X = O is simply supported, the edge X = Nd is clamped

For the case 1) using the equation (19)

du du
. Mll Mlz j .
= (21a)
dx ( M ” M » dOX
x=Nd x=0
we come to the characterizing equations
9S,.,(s)=0 (21b)
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For the case 2) we have that

0 0

d?U [ Mu My, d?U (22a)
M 21 M 22
dX x=Nd dX x=0
which result in
6S,.,(s)=0 (22b)
For the case 3) we have finally
du 0
DV I\/Ill MlZ j 2,
= d<u (23a)
dOX ( M 21 M 22
x=Nd x=0
nS,.1(s)-S,.(s)=0 (23b)

Using the recurrence relation of Chebyshev polynomials we can rewrite the equation (22)
as
T.(s)=0 (24b)

where T, (S) are the Chebyshev polynomials of the first kind.
The first Chebyshev polynomials of the first kind are

T,(5)=5.T, (5) = 25° <L, (5) = 43

The equations 3=0,0=0 and T,(S) =0 correspond to classical stability equations of

single plate with clamped edges, simply supported edge and clamped — simply supported
edges, respectively.
The minimal roots of equation (23) (N Zl) define critical forces of the plate with

clamped- simply supported edges.
The minimal critical forces P for simply supported plate must be determined by

comparison of minimal roots of equations 8=O,Sn_1(s)=0. The minimal critical
forces P for clamped plate must be determined by comparison of minimal roots of
equations 6=0,S (S) =0.

The equations (23) (N >1) has (N —1) roots on the range s € (—1,1) and its zeroes are
given by

n(P):cos(%),jzo,l,z ..... N-1. (253)

The equation Sy_, () =0 has (N —1) roots on the range s € (—1, 1) and its zeroes are
given by
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n(P)zcos(%],jzl,Z ..... (N-=1). (25b)

Numerical analysis shows that for any given value m,[3 the function n(P) is the negative

and the monotonously increasing function in the range Dd 72mnB <P <Q,, where Q,

is the smallest root of the equation n(P) =-1.

So in calculating the critical values of compressed force the smallest negative roots of the
equations (23), (24) must be considered.

The critical force corresponding to the Floquet characterizing equation (16) must be
calculating at

cos(kd) =-1. (26)
The magnitude of critical force can be represented by the formula
P=Da’K,(B,m), (273)

where K is a numerical factor, 3 = d/a, index N stand by for the number of supports.

The smallest value of critical force must be found in dependence of parameter 3 and
buckling mode numbers m

K*(B)=minK_ (B, m) (27b)
The stability equation of a single simply supported plate admits analytical solution
sin(dq)=0, dgq=n (28)
1 2
K*(B)=n’B min| —+pm 29
2 (B)=n"P m(mﬁﬁj (29)

The Floquet characterizing equation (18) at kd =7 can be written as

p(1+cosh(dp))sin(dg) —q(1+cos(dq))sinh(dp) 0
psin(dq) — gsinh(dp) -

Minimal root of this equation is equal to dq =Tr.

(30)

Numerical results
The numerical analysis of equations (23) , (24) shows that K’ (B)< K: and with

n+1

increasing j the numerical factor K: approach to K: (B) defined by equation (26) (See
Table 1).
The corresponding numerical data for factor K}F (B) are given in Table 1.

Note that according to (27b) K (1) = 4n* =39.4 ,
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Table 1

Clamped-hinged edges Clamped edges
Cell numbers K'(B)

B=2 =1 | p=05 | p=2 p=1 =05
1 16.9 56.6 218.2 18.9 85.6 2745
2 15.8 43.8 193.2 16.9 56.6 256.9
3 155 415 186.3 16.1 47.3 230.3
4 15.5 40.6 180.5 15.8 43.8 200.4
5 154 40.0 176.3 15.6 42.3 189.2
6 154 39.4 169.4 154 414 171.3
) 15.3 394 | 158.06 | 15.4 39.4 | 158.06

For bi-material infinite plates the numerical data of the factor

K;(B,8,v), 8=d,/d,, y=D,/D,, P=Da*K; (B,8,7) are presented in the
Table 2.

The results of K}" (B, J, y) are obtained from the numerical calculations of the roots of the
Floquet characterizing equation (16b).

Table 2.
K (B.L)

% B=3] B=2 | p=1] p=05] p=02
0.05 12.4 19.1 73.9 182.2 210.2
0.3 10.5 17.8 61.5 146.7 155.4
0.5 8.8 16.3 53.7 114.2 132.6
0.7 6.7 15.9 46.8 89.2 102.6
0.95 5.7 15.32 39.1 58.06 75.2

Conclusions

The article investigates the stability characteristics of a periodically structured, piecewise
bi-material plate subjected to in-plane compression. The plate consists of repeating
segments composed of distinct elastic materials and is supported by a system of rigid,
periodically arranged line supports. Uniform compressive loads act along the mid-surface
on opposite faces. Owing to the geometric and loading periodicity, the stability analysis of
the infinite plate is rigorously reduced—via standard Bloch—Floquet-type periodicity
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arguments—to the corresponding boundary-value problem for a rectangular
two-component representative cell.

The principal results obtained for a homogeneous compressed plate resting on periodically
distributed rigid supports can be stated with greater precision. Analytical derivations,
supported by numerical computations, demonstrate that the minimum critical buckling load
for a simply supported plate is invariant with respect to the number of supports. For an
infinite plate with periodic rigid supports, this minimum critical load is identical to the
critical load of a single simply supported plate, reflecting the absence of additional
stabilizing or destabilizing effects induced by periodic repetition.

In contrast, for plates with clamped boundary conditions, or with mixed boundary
conditions (one clamped edge and one simply supported edge), the minimum critical load
exhibits a monotonic trend: as the number of supports increases, the critical load
asymptotically approaches that of the simply supported configuration. This behavior
underscores the dominant influence of boundary constraints relative to the periodic support
pattern in governing global buckling response.

These findings clarify the interplay between boundary conditions, material heterogeneity,
and periodic support arrangements, and they provide a rigorous foundation for stability
assessment in periodically structured compressed plate.
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