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S.R. Martirosyan 
Supersonic flutter of an elongated panel with a free edge, initially loaded in two 
directions: compressed along the gas flow and stretched in the perpendicular direction   
 
Key words: rectangular elongated plate, the initial compressive and tensile forces, supersonic overrunning, 
aeroelastic stability, concentrated inertial masses and moments, analytical solution method  
 
By analyzing, as an example, a thin elastic elongated plate, initially loaded in two directions: compressed along 
supersonic the gas flow and stretched in the perpendicular direction, we study the influence of the initial stress 
state of the plate on the stability of the unperturbed equilibrium state of the dynamical system “plate – flow” under 
the assumption of presence of concentrated inertial masses and moments on its free edge. An analytical solution of 
the problem of stability is obtained. An accurate assessment of the influence of initially loading forces on the 
stability of the system is given.  
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1.  .      

 ,     Oxyz  

: 0 x a , 0 y b , h z h , 1 0.193ab .   
 Oxyz   ,   Ox   Oy     

 ,   Oz       
   ,       

  Ox     V .    
  .  
  0x   ,   x a , 0y   y b  – 

  .    0x   
    cm     cI  [2, 8].  

  ,  ,   ,   
  2x xN h    2y yN h  ,   
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, ,    0x , x a   0y , 
y b ,   ,   –   ;  

x   y          

    ( , , )w w x y t  [1, 2, 5].   
 ( , , )w w x y t    p    

       ,  

   «  » 0 0
wp a V
x

,  

0a –      , 0  –   

  [6, 7].  ,  ( , , )w w x y t   
 2h  [1, 5].   

 ,       
    « – »  ,  

      
  p ,   x   y    

      cm   

 cI ,      0x ,  , 

  x   y        .( )x cr  

.y pr
,  .( )x cr – ,    « »  

   [1, 13, 14]; 
.y pr
– ,      

      [9]. 
,        

        
     «  »   

   2 2m w t   

 m      2 2
cm w t  2 2

cI w t , 
   ,    [1, 2, 6–8]:  

 
2 2

2
0 02 2 0x y

w w wD w N N a V
x y x

, , ,w w x y t ;           (1.1)       

2 ( )w w ,  –   ; D –  
.  

 ,      
  ,   [1, 2, 8]: 

2 2 3

2 2 2c
w w wD I

x y x t
,                               (1.2) 
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2 2 2

2 2 2(2 ) x c
w w w wD N m

x x y x t
   0x ;        

0w ,  
2

2 0w
x

   x a     0w ,  
2

2 0w
y

   0y   y b ;   (1.3)  

 –  .   
    crV –     –  
     [1, 2]: 

0 0 0 2cos .( , )mV a M a M , 0 2M , 2cos . 33.85mM ;                 (1.4) 
       

  « – » (1.1) – (1.3)  :  

. ( )crx x , . ( ) pry y                                  (1.5) 
      (1.1) – (1.3) 

     (1.1)   
  (1.2)  (1.3)  ( , , )w x y t    (1.4)   

(1.5).   (1.1) – (1.5)      
   [1, 2, 12, 14, 15]: 

1 0.193ab ,                                                                                 (1.6) 
 –    a  (    )    b . 

  [12]     (1.1) – (1.3)   
 0,         

0x y .   [14]    , 

   0y . ,     x   

   .   [15]   
 (1.1) – (1.5)  0,     0, 0c cm I   
 . ,   « - »   

          
,     .     

       . 
       .  
,    (1.6)  0    

   –   .  
2.     (1.1) – (1.3).    

      
  (1.1) – (1.3)         

   .    (1.1), 
   (1.2)  (1.3),     

  [1, 2, 12]: 
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1
( , , ) exp( ) sin( )n n n

n
w x y t C rx t y , 1

n nb ,                   (2.1) 

nC  –  ; n –     b .  
    (1.1) – (1.3)  

,         
 ( Re 0 ),  ,        

      ( Re 0 ).   
 crV ,       

,         
   ( Re 0 ) [1, 2, 10]. 
  (2.1)    (1.1),  

   « – »   [15]:  
4 2 2 3 22 (1 ) (1 ) 0x n yr r r ,                                    (2.2) 

 3
n – ,    :  

3 1 3
0 0n na VD 2 1 3 2 1 3

0 0 0 0 0 2cos .( , )n m na M D a M D ;                 (2.3)  
2
x   2

y –    x   y  , 
   :                      

2 1 2 1 2 2 2 1 2
. . .1 2 ( ) , ( ) ( )x n x n x cr x cr x cr nxN D h D h D ;       (2.4) 

2 1 2 1 2 2 2 1 2
. . .2 ( ) , ( ) 2 ( )y y n y n y pr y pr y pr nN D h D h D ; 

  (1.4) , (1.5)   (2.3).  
     ,  (2.2)  

       , ,   
2 2 2 22( 1 ) 1 0x yr q r q q ,            (2.5) 

2 2 2 22( 1 ) 1 0x yr q r q q .                  (2.6) 

 q R –      [12, 16}: 
2 2 2 68 ( 1 )( 1 ) 0x y nq q .                                    (2.7)  

    (2.3) ,   q   
   V      
 [12, 14, 15].    (1.4), : 0 0 0 2cos .( , ( ))mq q a M q a M . 

,     [12, 14],     
   (2.2)  ,  

0 0 2cos . 0 0 0 2cos ., , ,m mq q V q q a M q a M q a M         (2.8)  

2 2 2 2
0 1) 2 ( 1) 3(1 ) 3x x yq , 2 2( )x x cr  , 2 2( )y y pr .          
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  1     : 
2 2( ) ( ) , ,x cr x cr n  –      

    0V   0.2   1n , 2 0y   

0, 0c cm I ,      410  [13, 14]:  
22 2 2 2

1 , , , 0.5 4 2 1 2 1 0.5x x x xF n sh n    

22 2 21 0.5 2 1 sin 2 0.5 0x x xn , 2 0, 2x .  

,    0     

0V      2 0x   2 0y   0 2a  –  
   (1.4),        

2 20, 0x y ,   [14]. 

                                                                                                                              1.   
                  
     

    0.125       0.25          0.3      0.375        0.5 

  0.010      0.8752    0.7501     0.7001     0.6251     0.5000 
       0.050    0.8791    0.7538     0.7037     0.6285     0.5031 
       0.100    0.8911    0.7654     0.7149     0.6391     0.5122 
       0.150    0.9112    0.7845     0.7332     0.6564     0.5273 
       0.200    0.9392    0.8108     0.7589     0.6804     0.5480 
 

  (2.8)   (2.2)    
 1 0r , 2 0r       3,4r W   

  ,     
(2.5)  (2.6) :  

2 2 2 2
1,2 0.5 2( 1 ) 1 0.5( 1 )x y xr q q q ,  1 0r ,  2 0r ;  (2.9)  

2 2 2 2
3,4 0.5 2( 1 ) 1 0.5( 1 )x y xr q i q q .            (2.10)  

,     (2.9)  (2.10),   (2.1)  
(1.1)     :  

4

1 1
( , , ) exp( ) sin( )nk n k n

n k
w x y t C r x t y .                       (2.11)   

  (2.3)    (2.7),   
       V  

« »   « – »: 
2 2 2 3 3 3 3 1

0 0( ) 2 2( 1 )( 1 ) ( )x yV q q q n D a a , 0,0.193 .  (2.12) 
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     2 2, , , ,x yq q n   

    1 3
0 0( )V q D a a .    

  (1.4),   (2.12)    

 3 2(2 ) 12 1D E h  [14]:   
1 3

0 0( )V q D a a 1 3
0 0 0 0 2cos 0 0 0 2cos .( ( ) ( ), ) ( , )m mV q D a a a M a M a M , 

 0 0 0( )V q a ;                                                                                              
1 3

0 0( )V q D a a 0 0 0 2cos .( , )ma M a M ,  0 0 0( )V q a ; 
2 1 1 3

0 012(1 ) (2 )a E ha , 0 2M , 2cos . 33.85mM .    (2.13) 

    12 0.006, 0.015ha   

 (2.13)   1
0 0 0 2cos2 , ( , )md ha a M a M  

    1 3
0 0VD a a ,   

   (1.4)    ( . 2) [14].  
                                                                                                                       2. 
             

12ha   
      0.125        0.25           0.3       0.375         0.5 

0.006 (54.8,1311.7) (52.0,1245.2) (50.5,1209.0) (47.7,1141.6) (41.6,996.3) 
0.008 (23.1, 544.3) (22.0, 516.4) (21.5, 505.6) (20.1, 473.3) (17.6,413.1) 
0.010 (11.8, 283.5) (11.2, 269.1) (10.9, 261.3) (10.3, 246.7) (9.0,  215.3) 
0.012 (6.85, 164.0) (6.5,  155.7) (6.3, 151.2) (5.96, 142.7) (5.2,  124.6) 
0.014 (4.3,  101.5) (4.09, 96.24) (4.0,  94.24) (3.75, 88.22) (3.27,  77.0) 
0.015 (3.5,  84.04) (3.33, 79.73) (3.23,77.33) (3.05, 73.10) (2.67, 63.81) 
 
3.       

   « – » (1.1) – (1.4).  
3.1.     0,0.193 . 

   (2.11)   (1.1),   
 kr    (2.2)   (2.9)  

(2.10),    (1.2)  (1.3),    
      

 nkC .       – 
 ,    

  :    
4 2

0 1 2 3 0
n n n nA A A A  ,             (3.1) 

1 3 3( )n cm D b n ,  1 1( )n cI D b n , 0n , 0n ,             (3.2) 
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n n –      cm    

 cI ,     0x  ;  
2 2

0 0 ( , , , , )x yA A q n                                    (3.3) 

2 2
1 22( 1 ) 1 exp( 2 2( 1 )x xq q n B B    

2 2 2 2
2 1 22 1 1 exp( 2( 1 ) ) ( ) cos( )x y xB q q q n sh n B n B

2 2 2 2
1 1 22 1 1 exp( 2( 1 ) ) ( )sin( )x y xB q q q n ch n B n B ; 

2 2
1 1( , , , , )x yA A q n                                               (3.4) 

2 2 2 2 2 22( 1 ) ( 1 ) ( 1 )exp( 2 2( 1 )x y y xq q q q q q n

2 2 2 2 2 2
1 2 2 12 2( 1 )( 1 ) 1 ( 1 ( )x y x yB B B q q q q sh n B

2 2 2
1 1 22 ((2 1)( 1) ) ( ) cos( )exp( 2( 1 ) )y x xB q q q ch n B n B q n

2 2 2 2 2 2
1 12 2( 1 )( 1 ) 1 1 ( )x y x yB q q q q ch n B   

2 2 2 2
1 2( 1 )( 1 ) ( ) sin( )exp( 2( 1 ) );x y x xq q q sh n B n B q n  

2 2
2 2 ( , , , , )x yA A q n                                               (3.5) 

2 2
1 22( 1 ) 1 exp( 2 2( 1 ) )x xq q n B B    

2 2
1 2 1 24( 1 ) ( ) cos( )exp( 2( 1 ) )x xq B B ch n B n B q n   

2 2 4 2 2
1 22(3( 1) 2 2 ) ( )sin( )exp( 2( 1 ) )x x y xq sh n B n B q n ;  

2 2
3 3 ( , , , , , )x yA A q n            (3.6) 

 
2

2 2 2 22( 1 ) 1 1 2( 1) (1 )x yq q q q  

2
2 2 2 2 2 2

1 22 1 2 1 1 1x y x yq q B B q q q  

 
2 2 2 2

1 22( 1) 1 2 1x yq q q B B 2exp( 2 2( 1 )xq n  
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2 2 2 2
22 exp( 2( 1 ) ) ( 4 2 1) 1x yB q n q q q
2 2 2 2 2 2 2(2 4 1)(q 1) (2 4 1 2 1 2 )y y x xq q q q q q q

 
2 2 21 1 y yq q 2 2 2 22((2 1)(q 1) 1 )y y xq q q q

2 2 2 2
1(q 1 1 ) ( )x yq sh n B

 
2 3 2 2

1 1 22 2( 1 ) ( 1 ) cos( )x yq q B ch n B n B  
2 2 2 2

12exp( 2( 1 ) ) ( 4 2 1) 1x yq n B q q q
2 2 2 2 2 2 2(2 4 1)(q 1) (2 4 1 2 1 2 )y y x xq q q q q q q

 
2 2 21 1 y yq q 2 2 2 22((2 1)(q 1) 1 )y y xq q q q

 

 
2 2 2 2

1(q 1 1 ) ( )x yq ch n B 2 2 22( 1 ) 1x yq q  
2 2 4 2

1 2(3( 1) 2 2 ) sin ;x x yq sh n B n B   
2 2 2

1 1 0.5( 1 ),y xB q q  2 2 2
2 1 0.5( 1 ).y xB q q   (3.7)  

 ,      ( )q q V  (2.8)   

  2 2
.( )x x cr ( . 1)  2 2

.( )y y pr  
2 2

1 1( , , ) 0x yB B q , 2 2
2 2 ( , , ) 0x yB B q ,    (3.8) 

      
2 2

0 0 ( , , , , ) 0x yA A q n , 2 2
2 2 ( , , , , ) 0x yA A q n ,  0,0.193 .  (3.9) 

  
121 2

n n n c ck I n m a ,               (3.10) 

  (3.1),     (3.2)  (3.9), 
   

4 1 1 2 1 1 1
1 2 0 0 3( ) 0n n n nk A A A A A , 0n , 0n , 0nk . (3.11) 

,    2 2 0x y    (3.11)  
    ,    [12].  

3.2.    0 .   
        

     (1.1)    b . , 
  1xa ,    (1.1) – (1.3)   

:   
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4 2
2 31 1 1

0 04 2 0x
w w wD N a a a V , 1 1 ,w w t ;             (3.12) 

2 3
1 1

2 2c
w wD I a

t
; 

3
2 31 1 1

3 2x c
w w wD N a m a

t
, 0 ;   (3.13) 

1 0w ,  
2

1
2 0w

, 1;                                                          (3.14) 

 ,       0 , 

     0xN   0yN ,   
        

 0xN ,    ,     0yN , 
  .    

  (3.12) – (3.14)    [14].  , 
      0,0.193 . 

       
« - » (1.1) – (1.3)   (1.4)  (1.5)   

   k    (3.11), 
    “ – ”   

 « »  2 2( ), , , , , ,x y nq V n k  – , 

       « –
».      . 

 
4.     « – »   

  .     [12, 14],     
    « – »   

0 1 2 30, 0, 0nk A A A    : 1 3 0, 0 ,A  

2 1 2 30, 0, 0nk A A A   3 3 0, 0A ;  

 –    (3.11): 
2 2 2

1 2 0 3( , , , , , ) ( ) 4x y n n nn k k A A k A A .                    (4.1) 

   0   (3.11)      

 1,2 1i , 3,4 2i :    

     ;   

1 –      1 0 , 2 0       

3,4 i ,     ;   2  –  

  ( 1 0 , 2 0 )    ( 3 0 , 4 0 ) , 
      –   
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;    3 ,   ,    (3.11)  
      :  

  :     –  
   [ 14, 16].   

   0       

  1 2 0nk A A    3 0A   0  – 
      
 [10, 11]:   (3.11)   

3 0A      0 0   2,    

0  –     1,2 i .  ( 0 3 )  

( 2 3 )  «  »  0   2 [11]. 

  3 0A    0    1 2 0nk A A   0   

 « - »     . .cr divV V   

     .   .cr divV , 

       3 0A    

(2.12),   0   1 .   . .cr divV V    

 « »    0 0      

   k ,     
        . 

     ,   
   :  « »   

 « ».  
    1,2V    

1   2 .     1,2V V   « »   

 1    2 .   1,2V   

   3 0A     1 2 0nk A A   0    
(2.12). 

  0    0    1 2 0nk A A , 

3 0A ,   ,   0   2    1 2 0nk A A , 

3 0A ,      .cr flV V  , , 
    ,     

     :   
 .     . .cr flV , 

     0    (2.12), 
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  0   3    1 2 0nk A A ,   2   

3    1 2 0nk A A ,       
2 2, , , , ,x y nn k .      . .cr flV V   « » ( ) 

   . ,  ,     
       

   ,     –     – 
« ».  ( 0 3 )  ( 2 3 )  «  » 

 0   2 [11]. 

 ,    . .cr divV , 1,2V   . .cr flV    
     (2.12)    

0 0 2cos, mq q q a M .  

 
5.  .       –

       
2 2{ ( , , , , , )}x y nq n k   0, 0.193 ,   

.  
,    [14],      

   «  – »     
     l    k  

        2.  
,  ,    [14},      

    12ha   .  , 
          
 12 0.006,0.015ha   0, 0.193   0      [14]:  

.0 0 .
1 0 3 0 1

cr fl cr divVV V V  ,  1 0,0.1k ;      (5.1) 

.1,2 0 .
1 2 3 0 1

cr fl cr divVV V V  ,  1 0.1k .             (5.2) 
,       

     0, 0.193 ,  
   –    . 

 (5.1)  (5.2)       
    « – ». 

 1)       0 2a :  

     2 2
.x x cr
, 2 2

.y y pr
.  

2)    1 0,0.1k      0
0 3

V , a  

1 0.1k  –   1,2
2 3

V .  ,  
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2 2 2 2
0 1,2, , , , , ,x y x yV V   , 2 2

.x x cr
, 2 2

.y y pr
.  (5.3) 

 ,    . .cr flV V ,  1 0,0.1k   

    ,   1 0.1k   – 
« » ( ) . 

   ,     
     0, 0.193    

    n:     1n .  
  3 – 8       

  « – »  0.1  1n , 0.3 .  

 1 3
0 0 0V D a a   1 3

1,2 0 0V D a a                                       3. 

           2
x  

2
y  

     
      0 
 

    
      0,1 

    
      0,2 

    
     0,3 

   
     0,4 

   
     0,5 

        0   77,318   77.196   77.072   76.948   76.826   76.703 
        3   77.317   77.195   77.071   76.947   76.825   76.702 
        5   77.316   77.194   77.070   76.946   76.824    76.701 

 
    0V   1,2V   

   2
x  , 2

y       
 :        0.6% ( . 3). 

                                                                                                                                  4. 
      2

x        0 
 

    0,1      0,2      0,3      0,4     0.5 

1 3
0 0crdivV D a a   484.045 483.880 483.689 483.497 483.305 483.113 

                                        1 3
. . 0 0cr flV D a a    1 0.1k  .        5. 

        2
x   

2
y      

       
       0 

      
     0.1 
 

        
     0.2 

       
      0.3 

 
      0.4 

  
     0.5 

       0    92.714    92.620    92.525    92.430   92.334   92.239 
       1    92.707    92.612    92.517    92.422   92.327   92.232 
       3    92.692    92.597    92.502    92.407   92.312   92.217 
       5    92.677    92.582    92.487    92.393   92.296   92.201 

 
  1 3

0 0crdivV D a a      2
y ; 

      2
x :    2.4%;  

  :       0.7%.                                 
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 1 3
. . 0 0cr flV D a a    1 1k .             6.     

        2
x   

2
y      

       
       0 

      
     0.1 
 

        
     0.2 

       
      0.3 

 
      0.4 

  
     0.5 

       0   134.139   134.030   133.920   133.811   133.702 133.592 
       1   134.130   134.021   133.912   133.803   133.693 133.584 
       3   134.112   134.003   133.893   133.784   133.675 133.567 
       5   134.103   133.994   133.884   133.774   133.665 133.556 

 1 3
. . 0 0cr flV D a a    1 5k .             7.     

        2
x   

2
y      

       
       0 

      
     0.1 
 

        
     0.2 

       
      0.3 

 
      0.4 

  
     0.5 

       0   148.994   148.872   148.754   148.637   148.520 148.399 
       1   148.983   148.863   148.745   148.628   148.508 148.390 
       3   148.960   148.846   148.729   148.611   148.488 148.374 
       5   148.949   148.837   148.721   148.603   148.480 148.366 

 1 3
. . 0 0cr flV D a a    1 10k .             8.     

        2
x   

2
y      

       
       0 

      
     0.1 
 

        
     0.2 

       
      0.3 

 
      0.4 

  
     0.5 

       0   152.726   152.611   152.495   152.379   152.263 152.132 
       1   152.725   152.607   152.491   152.375   152.260 152.128 
       3   152.715   152.600   152.484   152.368   152.252 152.121 
       5   152.708   152.592   152.477   152.361   152.245 152.114 

                                           
   5 – 8 ,      

      2
x   2

y ; 

   1 0.1,10k  – , ,  1.65 .  

,  1 3
. . 0 0cr flV D a a      

  :      0.35%.  
,      , 

   :   xN      

 – yN      ,  , 
       

 “ – ”.  ,      
  yN       

 .     
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6.    .     
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        .   

       « » 
  « – »,     

    .  
   ,      
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