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Jlokanu3oBaHHbIE KOJIeOAHUS OHOPOIHON CTPYHBI ¢ KOHEYHBIM YHCJIOM
NePUOJUYECKH PACIIOJIOKEHHBIX paccenBaTeJiei

KawueBbie cioBa: nepuoanuydeckas CTpPyKTypa. JOKaJIu3alus, KoJicOaHue CTPYHBI,
HeCOBepHIeHHBIfI yl'[pyl"I/II‘/lI KOHTAaKT.

PaccmoTpena 3aaua j1okanu3alvy BOJIH HANpPsHKEHUH B OJHOPOJHON PACTAHYTOH CTpyHE C 3aKpEIIEHHbIMU
KOHI[AMHU. B CTpyHe MMEIOTCS TOYKH HECOBEPLICHHOTO YIPYroro KOHTAaKTa, 00YCIIOBICHHOIO PACCCHBATEISIMHU,
HEPHOANYECKH PACIpPEICICHHBIME 110 JUIMHE CTPYHBI. IIOKa3aHO, YTO B 3TOH IEPUOTMYECKOH CTPYKType
BO3HHUKACT JIOKAJIM30BAHHAS BOJIHA HANPSDKCHHS, BEI3BAHHAS PACCEUBATEISIMU.

Awqupyui 4.8, Twqupyui (.U, BLpqub U.2.

Dbpgunnp pim] wwpplpupup yuuunpjwé gphsikpny hudwube jwph ntnuyimgyws
wnunutinidukpp

Zhduwpwnkp . Mupphpuljut junnigqusp, nknujuugnid, juph wwnwbnufubp, piph wpwdquljut
Yntnwln

Yhunwpljws Ewdpulgyus swyptpny hwdwutn dqus juph jupdwb wihpubph nknujiugdwu
Nunhpp: Lwpnd wnlw & phph wpwdquliut Yntnwlunh Yhnbp, wguydwibwynpws juphp
Epupnipjudp wwppbpwpup nquuwynpqus gphsubpny: 8nyg b wpjws, np wyju wuppbpulub
Jurnigjuspnid wnwgwimud k gphsubipny wuydwiwdnpws jupdwh nknuyuugyws wihp:

The problem of localisation of stress waves is considered in homogeneous fixed string in tension with interfaces of
imperfect elastic contact caused by scatterers periodically oriented along string length. It is shown that in this
periodic structure due to scatterers the localisation of stress wave is occur.

Introduction

In the paper based on the propagator matrix formalism in conjunction of Sylvester’s
matrix theorem localized vibration of a fixed string in tension is studied. The string contains
finite number non equidistant located scaterrers (micro inhomogeneities, point masses,
beads) periodically oriented along string length. At points where scatterers are located the
stress traction discontinuity is taken to be linearly related to the continuous displacement.

30


https://doi.org/10.54503/0002-3051-2024.77.1-30

The dynamics of elastic, electro-elastic waves in one dimensional periodic structures is
a well-studied classic topic [1-3]. Gap bands, localisation, attenuation, reflection, refraction,
resonance and other effects in finite, semi-infinite and infinite structures have been
investigated by many researchers, particularly in [4-8]. The vibration of periodic strings and
rod with scatterers, local resonators are studied in [9-13]. In elastic and electro- elastic
structures models of an imperfectly bonded interfaces and problems based on these models
are proposed and studied in [14-22].

Statement and solution of the problem

Consider a string under tension 7 with finite number of scatterers (micro

inhomogeneities, point masses, beads) periodically oriented along length of string at points

x=(mn-1)d+d,x=nd,n=12..N,d =d, +d, . (Fig.)

scatterer
R 4
- — -

TD ! ! To

x=(n-1)d  x=(n-1)dwd, x=nd

Fig.1 String under tension with periodically oriented scatterers

We have the following equation of a string transverse vibration
oV . oV
T
where 7} is the tension , P is the mass density per unit length of string .

T, =0 )]

Considering a harmonic vibration (® is the frequency)
V(x,t)=U(x)exp(iot)

and introducing in the repeated unit cell x € ((n -1d,nd ) ( Fig.1) the vectors

A U@ o _[ A
U =| 0 el =|
o,/ (x) B/

dUY (x)

dx

the solutions of (1) within each sub-sells can be cast as

U (x) = P(x)C!’
P(x) :( sin(gx) cos(gx) ]; _ P 3)

2

o (x) =T,

Tyqcos(gx)  —Tygsin(gx)
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Here An(j ) ,B,(lj ) are constants, 71 is the number of the unit cell, the indexes j=1,2
stand for the sub-sells, xe((n—l)d,(n—l)d+dl), xe((n—l)d+dl,nd),
d=d, +d, respectively .

Propagator matrix approach

Based on the procedure of propagator matrix approach [23] considering any two
neighbouring points X,,X, of sub-cells we can construct the transfer matrix T in such

way that

Unj(xz)zT(xz—xl)Unj(xl) 4)

where
T(xz _'xl) = P(xz)P_l(xl)

cos(q(x2 —xl)) (7561)_1 sin(q(x2 —xl)) ®)

T(x,-x)= “Tgsin(q(x,—x))  cos(q(x,—x))

Using (5 ) the following relations can be obtained

U ((n=1yd +d,)=T(d,)U" ((n—1)d)

6
U (nd) = T(d,) U ((n=1)d +d,) ©
Here
T(di)— cos(qdj), (T,q)"' sin(qdj) -

. 0qsin(qdj), cos(qdj)

At points Xx = (dl +d(n— 1)),x = nd were scatterers are located we take the
following imperfect contact conditions, f >0, [11]
U,(LZ)(a'1 +a'(n—1))—U,(ll)(d1 +d(n—1)) =0,
o (af1 +d(n—1))—csf11) (af1 +d(n—1)) = U (d1 +d(n—1))
U, (nd) U (nd) =0

o, (nd)~6nd = U (nd)

n+l

®)

)

In matrix form these conditions can be written as
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U (d(n-1+d,))=FU" (d(n-1)+d,)

0 @ (10)
U, (nd)=FU (nd)
where
1 0
.F=
/1
Taking into account (8 -10) we can obtain the following relation
U (nd)=FU? (nd)=FT(d,)U? ((n-1)d +d,) =
— FT(d,)FUY ((n-1)d +d,) = FT(d,)FT(d,) U ((n~1)d)
U, (nd) = MU ((n—1)d) an
Here
M =FT(d,)FT(d,), M =(m“ m‘zj
My, My,
is the unimodal propagator matrix, elements of which can be cast as
BRI PBp) |
p
. = dEsin(Bp)sin(p —Pp) + psin(p))
’ Ip*
T, (220" sin(p) ~E'sin(p~2Bp) + Epcos(p ~2Bp) + &' sin(p) + 3gpcos(p)) 17
21~ 2dp
o (20> - & )cos(p) +E(Ecos(p —2Bp) + p(sin(p — 2Bp) + 3sin(p)))
2 2

2p
In(12) p=gd=Q, Q=wd \/p/_TO is the non-dimensional frequency, E=dfT; " is
the dimensionless “scattering” parameter and 3 = d2 / d is the relative distance parameter.
Since the vectors U(nd ) are continuous at the interface points of the neighbouring
cells repeating relations (11 ) the n-th times the matrix M" can be found .

The matrix M" for any 7 =1,2,..N links the values of field vectors at x =0 and

x =nd points of the string
U, (nd)=M"U,(0) (13)
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According to Sylvester's matrix theorem [24] for 2 x 2 matrix the elements of the 7 -th

power of the matrix M" can be cast as

Mn:[Mll M12]
M21 M22

and can be simplified using the following matrix identities
M, =m,S,, (9) =S, (9); My, =mp,S, ., (9)
M,, :m21Sn71(e); My, =my,S, (9)—5,1,2 (9)

where S, (9) are the Chebyshev polynomials of second kind

_sin ((n +1) arccos(e)) _ _1
5, (6)= sin(arccos(0)) 0= 2tr(h4)

Note that function 0 (Q) defines the band gaps structure in infinite string [7 |
cos(kd) =0(Q)

where k is the Bloch wave number.

(14)

(15)

(16)

The relation establishing a link between values of the vectors U(Nd )=MNF"U(O)

will enable to consider the boundary value problem of a string free vibration with fixed

ends.
U,(0)=U, (Nd)=0

From (13) and (17) it follows that

(o, 00) 0
=M"F
Gy (Nd) c,(0)

Here G,(0),0,, (Nd) are stresses arising at the string fixed ends.

Taking into account that

FIZL—lf (1)] E—lf ?jEG?OJZEGgJ

from matrix equation (18) one can obtain

m;,(Q)S,_, (9) c(0)=0
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G, (Nd)=(m,(Q)S,_, (0)-Sy,(0))o,(0) (20)
Equation (19),(6(0) * 0) gives two alternative families of normal and localised

vibrational modes [6]

m,(Q) =0 @

Sy (6)=0 (22)
Equation (21) defines the countable set solutions of localised wave frequencies

Q,,i=1,2,..0 .

At frequencies Q., m,,(€2,)m,,(£2,) =1 and therefore

_ my, (€2;) +m,, () _ A+AT

2

Using the recurrence formula for Chebyshev polynomials the following relation can be
obtained [6 ]

0

, where A =m,,(Q,) (23)

c, (nd)zk”co (0),n=1,2....N (24)
From (24) it follows that if |7\,(Qj )| <1 the stress wave localisation occur at x =0, in

the case of |7\,(Qj)| >1 the stress wave localisation occur at x = L .

Another possible case is the equation (21). This equation has N — 1 roots in the interval
0e (—1, 1) , which are given by

0,,, =cos(m7'cN_1),m:1,2...N—1 (25)

Taking into account that .S, , (OOm ) = (—1)" one can write

o, (na’)z(—l)'”cO (0),n:1,2....N (26)

This means that N —1 normal modes exist where waves are uniformly distributed

along the string length.

Analysis and results
It follows from (16) that the condition |9(Q)| >1 defines band gaps in an infinite

string. Since the imaginary parts of Bloch vector Im(kd ) operate inside the gaps, the
analysis of ban gap structure caused by scatterers will be carry out by considering the
attenuation function Im (kd ) within band gaps.

The influence of the scattering on formation of band gaps is illustrated on Fig. 2 where
the imaginary parts (attenuation curves) of the Bloch wave vectors are plotted as a function
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of non-dimensional frequency €2, the lowest contours of the attenuation curves where
lm(kd ) — 0 define the map of band gap frequencies. The maps correspond to the first
and second gaps. The curves are plotted at 3 =0.3.

Hereafter the blue curves correspond to scattering coefficient § =10 , the black curves to

£ =5, thered curves to § =2 (See online version for colors). Analysis shows that band

gap structure slightly depends from [3 which means that gaps may open also in the case of
uniformly (equidistant) oriented scaterrers.
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Figure 2. Map of first and second gaps

As it follows from Figure 2. scattering essentially increase the widths of the gaps and
the attenuation function within gaps.

The eigen frequencies €2, versus relative distance B shown in Figure 3., where Q) are

the solutions of the equation (21 ). Note that €, ([3) =Q, (1 - B)
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Third frequency
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Figure3. The frequencies curves versus relative distance 3

As it follows from Figure 3. scattering increase the frequency of localised wave and is
more increasing the maximal value of the low frequencies than the maximal value of high
frequencies.

On the Figures 4a,b the plots of localisation coefficients versus relative distance [3 are

presented. Note that |7L(Qi, B)| = |7L (Qi (1- B))|_1 .
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Figure 4a. Graphs of localisation coefficients versus relative distance
25 2
— =2

=z 20 Z20p —¢=5
E g — =10
S1s5 S5
g g
S 8
<
£10 §10
&
g g
s Sos

0.0 0.0

00 02 04 0.6 08 10 0.0 0.2 0.4 0.6 0.8 1.0
Relative distance g Relative distance

Figure 4b. Graphs of localisation coefficients versus relative distance

As it follows from Figure 4. the scattering sufficiently increases the localisation
parameter for low frequencies. From analysis of the graphs of Fig .4 it follows that due to
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scattering the very strong localisation of the stress wave in the string occur even for & = 2
and N =10.

When & = 2, max [A(Q,)| =1.62,(min|M(Q,)| = 0.61) &, (Nd)/5,(0) ~ 0.0082 .
Note that the localisation effect is stronger at the first frequency.

Conclusions

Based on the transfer matrix procedure in conjunction of Sylvester’s matrix theorem the
problem of localized wave is studied in a string in tension with interfaces of imperfect
elastic contact caused by periodically non equidistant oriented scatterers. It is shown that in
this periodic structure the localisation of stress wave occur. The localised stress wave
frequencies and wave localisation amplitude depending both scattering factor and relative
distance between scaterrers are determined analytically and illustrated by plots. It is shown
also that in the infinite string the periodic oriented scatterers can open band gaps.
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