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T'napoanHamMudeckuii yIIOpPHBIN IMOJIMUITHUK, CMa3bIBaeMbIii
HEHBIOTOHOBCKOI >kKuakoctbio I'm3ekyca

KiroueBbie ciioBa: KUJIKOCTh C HEHBIOTOHOBCKOI HeJIMHENHOM’ MOJIEJIBIO FI/I3€KyCa7 TuapoauHa-
MH4YeCKad 3aa4va CMa3KW YIIOPHOI'O IIOAIMUITHUKA, aHAJIA3 METOJ0M BO3I\/IyI_I_[eHI/II‘/‘I7 AHAJIUTUIECKOE

MIPUOJIMKEHHOE PEIIeHUE

Cy1iiecTByeT OrpOMHBIH 00bEM HUCCIEIOBAHUN TUIPOJAUHAMUYECKUX U yHOPYTOTUIAPOIUHAMUIIE-
CKHX 33J1a4 CMa3KH JIJI CMa30K C HbIOTOHOBCKOi# peosiorueit. CMa309HbIE MaTEPUAJIbI C HHBIOTOHOB-
CKOi1 peoJiorueii He IIPOSIBJISIIOT OOBIYHO HAOJII0IaeMOr0 SKCIIEPUMEHTAJILHOTO TIOBEJIEHUST OTHOCUTE b=
HO BBICOKOM BSI3KOCTH IPU HU3KUX HAIPSKEHUSX W OTHOCUTEJIHBHO HU3KOU BA3KOCTU IPHU BBICOKUX
HAIPsI?>KEHUSIX. B 9TO#l craThe MbI pacHIUpsieM paHee IMPOBEIEHHBIN aHAU3 CMa309YHBIX MaTepHha-
JIOB C HEHBIOTOHOBCKHUM II0BeJieHreM ['u3eKyca /s cirydasi MOJAeIUPOBAHUs YIOPHOI'O IO/ IIAITHUKA.
OcHOBHas 1I€JIb CTATbU — MOJYYUTh AHAJIUTHIECKOE PEIIEHHE [Jisl YIOPHOIO T'HAPOAMHAMHYECKOTO
MTOIIUITHUKA, CMa3bIBAEMOI0 YKUJIKOCTBIO, ¢ peojiorueil ['mzekyca. DTa 1e/ib JOCTUTAETCs TINATEb-
HBIM IIPUMEHEHUEM MeTOJI0B BO3MyIleHuit. [losydeHo TpexdieHHOe NPUOINKEHHOE AHAJTUTHIECKOE

penieHne u NpoaHaJIN3upPOBaHa €ro 3aBUCUMOCTBb OT BXOJHBIX ITapaMeTpPOB 3aJaYu.

b.b.umnhy, U.U.dngyny, WU Lwupil

Q-hqtiymuh ng tynupnuyut hinmyny ynnynn hhppnnhtwdhuut hGtwjught
wnwigpwljug

Nhitwpwnbp® Qhgtynuh ng Gnupniyjwd ng gdwghtn dnpbiny htinmiy, htbwwiht wowigpwluwih jnindwl
hhnpnnhtwdhuywb tnhp, yapmonipynid gpgendbtinh inwbwyny, dngpuynp wbwjphy (nionud:
Uynupniywl pinpnghwyny puwiymptpny hhnpnphtwdhjuuwd b wpwagquhhnpnphbwdhjujub jnndwi

hubinhpbtiph Ytpwpbtipyuwy gnympymb mbh htqugnpnipgmbbtph dh hufu dwjwp: Lynupniywb ptinpnghwyny
puwlymptpp skl gnigunpnud unynpupwp Gupynn thnpdwpupuluid Juppughd' gudp jupnuibtiph phiypnud
hwitivupupwp pupap dwdnighynipgnid b pupanp jupnuddtinh nhiypnd hwdtidwpupwp gudn dwdnighynipynih:
Wu hnnwdnmud dtlp phnpuybnud top Ghqtiyniuh ng ynupniywb Juppwugdny puwlyniptiph dtip Gwpunpn ytppne-
dnipynilp htbwluyhl wepwigpwlwbtph dnpbpuydnpiwi hudwn: Snpwdh hhdbwlub byupuyd £ Shgtymup
ntininghwyny odipgwd htinmyny jninud htitwmuyhtt hhnpnnhtwdhujub wpwbgpuluwh hwdwp uypubug
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wbwhiphy nonud: Wu oyupuyp hwuwdbh £ puebmd gpgndwb dtpnnbtiph dwipuqbthtt jhpundwdp:
Uypugywd kL inwbnudwyhb dnypuynp wiwihgphy ndnd b ytippndygwd Enpu jufududnigenibnp ppbnph dnuppu-
Jhln wwpwdtypptiphg:

There exists a huge volume of studies of hydrodynamic and elastohydrodynamic lubrication
problems for lubricants with Newtonian rheology. Lubricants with Newtonian rheology do not exhibit
the usually observed experimentally behavior of having relatively high viscosity for low stresses and
relatively low viscosity for high stresses. In this paper we extend the earlier conducted analysis of
lubricants with a non-Newtonian Giesekus behavior for the case of thrust bearing modeling. The
main goal of the paper is to obtain an analytical solution for a hydrodynamically thrust bearing
lubricated by a fluid with the Giesekus rheology. This goal is achieved by careful application of
perturbation methods. A three-term approximate analytical solution is obtained and its dependence

on the problem input parameters is analyzed.

Introduction

Over the years the modern automotive industry as well as various bearing and
gear setups demand more and more efficient lubrication to reduce friction losses,
contact energy losses, and to increase joint fatigue durability. Obviously, even a
small increase in lubricated joint efficiency multiplied by millions of cars and lots
of other moving mechanisms can be quite significant in reducing emissions, fuel, and
material required for joint manufacturing worldwide. Frictional losses are associated
with a number of specific components among which are engines, bearings, and gears.
Therefore, understanding tribological characteristics of lubricated contacts may help
in reducing frictional losses, increasing fluid economy and fatigue durability. There is a
large number of papers dedicated to studying hydrodynamic and elastohydrodynamic
lubrication contacts with Newtonian lubricants [I] - [25]. These paper cover problems
under isothermal and thermal conditions for smooth and textured surfaces etc.

Several decades ago lubrication industry started using formulated lubricants
represented by a base stock oils (described by Newtonian rheology) with some
polymeric additives. These additives make the rheology of formulated lubricants non-
Newtonian. Most of the existing and usually used non-Newtonian lubricant rheologies
[26] are linear rheological fluid models such as Maxwell, Jeffrey, various Oldroyd-B
models, etc. A review of such models is given in [4I]. These models are designed
to introduce into consideration an important fluid parameter such as its relaxation
time related to the structure of the polymeric additive. Some studies of these kind
of lubricating fluids can be found in [27] - [32]. Various elastohydrodynamic and
hydrodynamic problems for lubricants with generalized Newtonian rheology were
considered in [33, B4]. Some other elastohydrodynamic lubrication problems for
functionally graded materials and hydrodynamic problems for solids without coatings,
with a single and double coatings and Newtonian lubricants were considered in [35] -
[37] and [38] - [40], respectively.

The main defect of these kind of models is their inability to adequately describe
fluid rheological behavior for low and high fluid stresses when usually lubricant
viscosity approaches to two different limiting values. The rheological fluid model that
is free of the just mentioned defect is the Giesekus model [26]. Specifically, besides
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introducing the fluid relaxation time this model provides for relatively high fluid
viscosity at low fluid stresses and relatively low fluid viscosity at relatively high
fluid stresses. This model is nonlinear and, therefore, it is much harder to analyze
lubrication problems involving lubricants with such a rheology. For a relatively simple
case of a Giesekus fluid flow between two parallel flat surfaces is considered in [42] [43].

There is a paper on lubrication of a two-dimensional model of a thrust bearing
with a fluid with the Giesekus rheological model [44]. The paper analysis is performed
with the help of a perturbation method. However, the paper contains a number of
shortcomings. For example, all convective terms in the equations of fluid motion and
fluid rheological equations are omitted, Reynolds equations solved are incomplete, the
perturbation analysis performed is not consistent in the case when the thrust bearing
is of the same order as the Giesekus fluid mobility parameter «, etc. One limiting
case of hydrodynamic lubricated contact for the case of two moving rigid cylinders
separated by a thin layer of an incompressible lubricant with the Giesekus rheology
is considered in [45].

In this paper, the Giesekus rheology is used for modeling friction between one
rigid surfaces moving over another rigid surface at rest. The surfaces are separated by
a incompressible fluid described by the Giesekus rheology. The problem is analyzed
using the regular perturbation method. The approximate solution is obtained in an
analytical form. Many applications of perturbation techniques to steady problems can
be founded in [46]. Also, it can be applied to dynamic problems, for example see [47].

The paper is organized as following. In the first section, the formulation of the
hydrodynamic lubrication problem for a line contact is presented. In the second
section, the proper simplification of the rheology equations and the equations of the
motion pertinent to the case of steady lubricant flow in a narrow long channel is
described. The third and fourth sections are dedicated to obtaining the components
of lubricant velocity and derivation of Reynolds equations of different order and their
analytical solutions, respectively. Some specific examples of the obtained solution
and their analysis are presented in the last section. In particular, some examples of
pressure distributions, energy loss etc. are provided.

1 Formulation of the Lubrication Problem

Let us consider a steady plane problem for a lubricated contact modeling a two-
dimensional hydrodynamic thrust bearing (see Fig. (1)) lubricated by an incompressible
non-Newtonian Giesekus fluid [26] with constant viscosity p and relaxation time ;.
The coordinate system is introduced in such a way that the x—axis is directed along
the surface of the rigid runner moving with the linear velocity u; while the z—axis
is perpendicular to it and directed upward. The y—axis is directed in the solids.
The fixed rigid pad (the linear velocity of which is w3 = 0) and the runner are
completely separated by the lubrication film. The components of the lubricant velocity
are represented by functions u(z,y,z), v(z,y,z) = 0, and w(z,y, z). The problem
parameters are independent of the coordinate y. The equations of the motion of such
a fluid are described by the solvent and additive rheology equations as follows [33] [34]
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Fig. 1: The general view of a lubricated contact.
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In addition to that for an incompressible fluid with the fluid density p(z, z) = constant
we have the continuity equation

gu 4 du — |, (1.2)

In this case the stress tensor components are as follows

Pox = =P+ Toz, Doy = Tay = 0, P2z = Toa,

(1.3)
Pzz = =D+ Tzz, DPzy = Toy = 0,

where p is the pressure and 7., Tzy, Toz, T2z, and 7, are additional stress components
acting in the corresponding directions. These tensor components satisfy the Giesekus
fluid model which is a nonlinear model and takes into account the degree to which the
additive polymeric molecules are aligned with the lubricant flow which is characterized
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by the mobility parameter o, 0 < o < 1. The rheological equations are as follows [26]
T ="Ts+Tp, b= s+ [hp,
Ts = Hs, (1.4)
Tp + MTp(1) — al%{Tp “Tp} = ppY,

where 7 is the full stress tensor while 75 and 7, are the solvent and polymer stress
tensors, respectively, ps and p, are the constant solvent and polymer dynamic
viscosities, ¥ is the deformation tensor [26], and A; is the constant relaxation time.
In we used the the definitions of the tensor operators 7,1y and {7, - 7, } from
[26].
Assuming that we have no slip and no penetration conditions on the solid surfaces
for v and w we have the following boundary conditions on the lubricated surfaces

u(z,0) = uy, u(x,h(x)) =0, (1.5)
w(z,0) = w(x, h(z)) = 0. (1.6)

The gap between the runner and pad is described by the function
h(z) = h; + mz, m = % <0, m=mge, mp=0(1), e 1, (1.7)

where L is the actual length of the bearing, h; and h. are the gaps between the runner
and pad at the inlet and exit from the contact, respectively, and e = h;/L < 1 is a
small parameter of the problem.

As outside of the bearing the lubricant pressure is atmospheric which is much lower
the pressure in the lubricated contact for pressure p we have the following boundary
conditions

p(0,2) = p(L, 2) = 0. (1.8)

It is assumed here that the inlet point in the lubricated contact is located at x = 0
while the exit point from the lubricated contact is located at x = L.

Our goal is to determine such components of the solution as contact pressure
p(z, z), the components of the tensor 7(x, z) in the fluid and its velocity components
u(z, z) and w(x,z). We will find a three-term perturbation solution of the above
determined problem in the case when € < 1. We will assume that

a=age, ap=0(1), e=2 « 1,

(1.9)
Al=Xe, A=0(1), ex 1.
Here ag and X are nonnegative constants. Also, we will assume that
Reg = 200 — O(1), a < 1, (1.10)

o

were Reg is the effective local Reynolds number in the lubricant flow and pu. is the
ambient lubricant viscosity.
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2 Asymptotic Analysis of the Rheological and
Motion Equations

Let us introduce the following dimensionless variables

M= T, o= 2, {2 ) = e b, P = pa

i
e gL’

/ U /

u = L’ w = Uﬂz’ {,u'/,:u/éﬁulp} = i{ﬂa“saﬂp}v (2 1)

o / o ’ ;o /
{Tl'flf7 /7—51137 Tpl‘l" TZ(L’7 Tszx’ TpZCL‘7 TZZ, TSZZ7 TpZZ}

h.
= #*;7{7—1:17 Tsxxs Tprxs Tzxs Tszxy Tpzxs Tzzy Tszzy szz}a

where U, is the characteristic velocity of the lubricating fluid in the direction of the
z—axis.

For simplicity in the further analysis the primes at the dimensionless variables are
dropped. Then the dimensionless h; = 1 and the problem solution is searched within
the interval 0 < z < 1.

Due to nonlinearity and complexity of the problem it is impossible to develop any
analytical solutions except the perturbation ones which will be used in this analysis.
We will search the problem solution in the form of the following series in €

{Tswa (T, 2)s Towa (T, 2), T2z (T, 2) } = {To220(®, 2), Tozz0(T, 2),
Ts220(%, 2) } + { Tswa1 (%, 2), Tswz1 (2, 2), Toza1 (2, 2) } (2.2)
+€{Tew22(T, 2), Tozz2 (T, 2), Tozna (@, 2) } + .. 0
{Tpae (2, 2), Tz (%, 2), T2z (2, 2) } = {Tpawo (2, 2), Tpazo (2, 2),
szzo(l’, z)} + G{prwl(ma Z)7 prz1($7 z), szzl(xv z)} (2.3)

+€2{Tpxac2(xv Z)7 Tpng(l‘, Z), T[)ZZQ(xv Z) + ..

p(:c, Z) - pO(‘T,Z) + €p1(l’, Z) + €2p2(513,2) T
u(x, z) = uo(w, 2) + euy (z, 2) + ug(x, 2) + . . ., (2.4)

w(z, z) = wo(w, 2) + ewy (z, 2) + Ewa(z,2) + ...,

where po(x,Z), UO(l',Z), wo(x,z), Tssz(mvz)a Tswzo(l‘vz); TszzO(x7z)7 Tpmx0($,2)7
Tpa20(, 2), Tpzz0(, 2), p1(2, 2), ur(x, 2), w12, 2), Tsaz1(2, 2), Tewa1(, 2), Tszz1 (4, 2),
Tpfﬁl(xa z), szz1(13, z), szzl(xv z), p2(z, 2), u2(z, 2), w2(x, 2), Tewa2(T,2), Tsuz2(z, 2),
Toz222(%, 2), Tpwa2(T,2), Tpas2(x,2), and Tp..a(x,2) are the unknown main, first-,
and second-order approximations of the corresponding functions while the gap h(z)
between the runner and pad and functions ho(xo) and hi(xg) are described by the
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equations (see (1.7))

h(z) =14+ mz = ho(x) + ehq(x),
(2.5)
ho(z) =1, hi(z) = moz.

As it will be shown below functions po(z, z) and p;(z, z) are independent of z (i.e.
po(x, z) = po(x) and p1(z,z) = p1(x)) while functions py(z, z) for £ > 2 may depend
on both x and z.

It is important to realize that the boundary conditions on the terms of the
expansions of u, w, and p in € < 1 are

uo(x,0) =1, uo(x,1) =0, uy(x,0) =0, uy(x,1) = —hlm,

0z
(2.6)
2 2
un(2,0) = 0, up(w, 1) = —hy 2D — AL Fuelel),
wo(z,0) =0, wo(z,1) =0, wi(z,0) =0, wi(x,1) = fhlw,
(2.7)
2 2
wa(x,0) = 0, wy(w, 1) = —hy 21 — 5 O tolrd),
Also, from (1.8)) we have
po(0) = p1(0) = p2(0) =0, po(1) = p1(1) = p2(1) = 0. (2.8)

Using expansions ([2.2))-(2.5)) in equations (1.1)-(1.6]), and (|1.8)) taking into account
(1.9) and (1.10), and equating terms of the same order of € these equations can be
simplified and reduced to solution of the problems for Reynolds equations of order
7Z€ero

1
L [ ug(z, z)dz = 0, (2.9)
0
of order one .
0
L[y (2, 2)dz =0, (2.10)
0
and of order two
' hi1 _ hod
ael S ue(@, 2)de + F (50 — 3222 =0, (2.11)
0
where
uo(x,z):l—z—k(zQ—z)i%. (2.12)

Keeping in mind that ho(x) = 1 the above mentioned problem for the Reynolds
equation of order zero has the form

i dg B — ho} = 0, ho(x) =1, po(0) = po(1) =0, (2.13)
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and its solution is
po(x) = 0. (2.14)
It can be shown that wo(z,z) = 0.

Taking that into account we have

2 1d
ur(z, 2) = (2% = 2) 5, g + 2ha,
(2.15)
_2(1 _ z\1 d*p1 2% dh
wi(@,2) =2°(3 = Sy @ — 7T an
Here we took into account that hy =1 % = ddzh; =wy =pg = ddLmo = % =0

Then using (2.11)), (2.15), and (2.8)) we obtain the problem for the Reynolds
equation of order one the solution for which is

pi(x) = 3umo(z® — x). (2.16)

Obviously, ug(z, z) from (2.15) and po(x) from (2.14) is as a solution of a Couette

fluid flow problem through a channel with a constant cross section with zero pressure
gradient. Due to the fact that po(z) = 0 and p;(x) takes into account only the
varying channel cross section via function hq(x) (the pad slope mg) and fluid viscosity
i pressure po(x) simultaneously takes into account the fluid viscosity, relaxation
time, and polymer mobility factor, i.e. parameters u, A, and ag. In other words,
the nonlinear non-Newtonian rheology gets incorporated in the problem solution only
on the order level of €2,

The equations for the second order term ps(z,z) from the rheology and motion
equations have the form

Reo{anvu +uy Buo + wo 8u1 Buo}iiﬁ 875:;1 +%7
(2.17)
8p2 + 87—221 + aszD — 0
Integrating the second equation in (2.17)) we get
pg(l‘ Z) = Tzz1 +M8uo + P ( ) (2'18)

where P,(x) is an arbitrary function of . Taking into account solutions ,
and the fact that ho(xz) = 1 the expression for uz(x, z) and the Reynolds equation
of order two can be significantly simplified and the problem for Py(x) can be
presented in the form

2
A {9Pe 4 3hy e — Bea (LA godin) _ tedigrq,dpL
(2.19)
2
—pE = 5G] =0, Pa(0) = Py(1) = —ppao).
The solution to this problem is
Py(z) = 3mo{9upA’an — pmo(2z + 3)}Ha? — z) — pprae. (2.20)
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Using (2.18)) and (2.20)) we obtain

pa(x, ) = 3umo{—mo(2z + %) + W}(m —x). (2.21)

After that we can easily calculate the tensor components in the form

Tox = Tszx T Tpzxy Tzx = Tszx + Tpzxs Tzz = Tszz + Tpzzs

ou ou ou
Tsxx0 = Tsxxl — 07 Tsrx2 = 2/—”537;7 Tszz0 = Ms 8;7 Tszxl = s 3;7 (222)
dus ow ou
Tszx2 = [ 2 4 o]’ To220 = Tszzl = 0, Tozz2 = 2,“5 3;;

9
Tprz0 = 2/1'13/\( du ) s Tpzz0 = ,Ufp%a Tpzz0 = 0,

Tpaal = fp{ 10X g (20 )4 4 4N D0 Q1 4 Ny (Ge )2 (2.23)

Tpzal = /‘p{3>‘2040(6u0> + 8u1 }v Tpzzl = ﬂp/\CVO(aauzo)Qa

Toww2 = 2Hp{—3A2 0 M, 4 420503 (28)6 4 TA3a(2un )t

+200° (G2 )30 G + MG (ap G +2%2) + (G2 )2 + §23,

Tprs = —pipA S0 wy — A {ug Lt — 223302 (%40 )5} (2.24)
FrpA2ap{200 (20 )3 4 9(Zue 20w} 4y (—2)\DU0 Qw1 4 Ouzy

szzZ — /—j/p{ﬁ)\S (auo) _|_ 2)\0& 311,1 dug 28u1 }
After that we can easily calculate the additional pressure created in the contact
Ni(z,2) = Tuu(z, 2) — 7oz (T, 2). (2.25)

The above expressions are simplified using the fact that wg = % = 88:0 =0.

3 Examples of Some Specific Lubrication Problem
Solutions and Discussion

Now, let us consider some results which can be extracted from the obtained
approximate solution. We will assume that always u = 1. We will take as the basic
set the following values: € = 0.05, Rey = 5, pup, = 025 A =1, a9 = 2, and
mo = —0.5. The pressure distributions p(z) versus parameters p,, A, ag, and mg
while in each case the rest of the parameters are fixed and equal to their basic values
are presented in Fig. 2. It is clear that in each case the pressure distributions p(x)
are very close to a parabola. That can also be seen from the ratios p,..;(z) of pressure
p(z) divided by the pressure for a lubricant with the Newtonian rheology coinciding
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Fig. 2: Curves of the dimensionless pressure p(z) as functions of z for different
values of iy, A, ag, and mg as shown in figure legends. In Fig. 2d curves without
circles correspond to the case of the dimensionless pressure py(z) for a Newtonian
fluid (up = A = a9 = 0). The calculations were made for the following basic set of
parameters: € = 0.05, p, =0.25, A =1, ap = 2, and muy = —0.5.

with py(z) = 3umoe{l — emo(2z + 3)}(2? — z)

1+e[—mo(2z+1 +m
praafa) = 4 1fim0(§i+%) el =140, e< 1. (3.1)

which is obtained for u, = A = o9 = 0. Moreover, for p, > 0, A > 0, and g > 0
the contact pressure p(x) is higher than the pressure py () for the case of a lubricant
with Newtonian rheology and for higher p,, A, and g pressure p(z) is higher.

For non-Newtonian fluids with polymeric additives described by the Giesekus
model it makes sense also to consider some anisotropic fluid properties such as the
first stress invariant which being scaled the same way as stresses (see ) in the
dimensionless form is

N| = Tpp — Tas. (3.2)

Obviously, the value of Ny (x, z) can be easily calculated using (2.22))-(2.24). A typical
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Fig. 3: A typical distribution of stress Ni(z, z) obtained for
€=0.05, Reg =5, pp, =025, A=1, o9 =2, and mg = —0.5.

graph of Nj(z,z) is presented in Fig. 4. The value of Ni(z,z) is positive for all x
and z values which means that the carrying load of a bearing lubricated by a fluid
with the Giesekus rheology is higher than that for the same bearing lubricated by a
Newtonian fluid.

In addition to that one can easily calculate the energy loss in the lubricated contact
and the friction force created by the lubricant flow by using the expressions for the
stress component 7., (z, z) and and the lubricant velocity distribution u(z, z) obtained
above.

4 Closure
A new relatively simple asymptotic modeling of the behavior of the Giesekus

lubrication parameters in the line contact of a rigid thrust bearing was developed. The
rheology equations of the lubricant were simplified using the scale analysis assuming
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that the size of the lubricant layer across it is much smaller than along it. The solutions
of the simplified rheology equations were obtained in the form of power series in
small parameter €. That allowed for derivation of the Reynolds equations of the zero,
first, and second orders and the application of a regular perturbation method which
simplified the problem. The lubrication problems based on the Reynolds equations
of the zero, first, and second orders were solved analytically. All hydrodynamic
parameters of the contact such as pressure, shear stress, coefficient of friction, energy
loss etc. were determined analytically.
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