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The problems of stability of a rectangular plate are considered, the two opposite sides of which

are prepressed, one edge is free, and di�erent edge conditions are applied to the fourth edge. Here

replacing of hinged edges by rigidly reinforced edges does not allow the variable separation method

to be used. In this case, the use of approximation methods, in particular the Galyorkin method, is

necessary.
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Ðàññìàòðèâàþòñÿ çàäà÷è óñòîé÷èâîñòè ïðÿìîóãîëüíîé ïëàñòèíêè ñ äâóìÿ ïðîòèâîïîëîæ-

íûìè ïðåäâàðèòåëüíî ñæàòûìè ñòîðîíàìè ñ îäíèì ñâîáîäíûì êðàåì ïðè ðàçëè÷íûõ âàðèàíòàõ

ãðàíè÷íûõ óñëîâèÿõ íà ÷åòâ¼ðòîé ñòîðîíå. Çàìåíà øàðíèðíî�çàêðåïë¼ííûõ êðà¼â íà æ¼ñòêî

çàäåëàííûå êðàÿ íå ïîçâîëÿåò èñïîëüçîâàòü ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ðåøåíèÿ çà-

äà÷è â äàííîé ñòàòüå ïðèìåíÿåòñÿ ïðèáëèæ¼ííûé ìåòîä Ãàë¼ðêèíà.
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Ââåäåíèå

Çàäà÷àì ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ïîñâÿùåíû ñëåäóþùèå ðàáîòû [1-
14]. Çäåñü ðàññìàòðèâàþòñÿ çàäà÷è óñòîé÷èâîñòè ïðÿìîóãîëüíîé ïëàñòèíêè ñ
äâóìÿ ïðîòèâîïîëîæíûìè ïðåäâàðèòåëüíî ñæàòûìè ñòîðîíàìè ñ îäíèì ñâîáîä-
íûì êðàåì ïðè ðàçëè÷íûõ âàðèàíòàõ ãðàíè÷íûõ óñëîâèé íà ÷åòâ¼ðòîé ñòîðîíå.
Â îòëè÷èå îò [15], ãäå íà ñæèìàåìûõ êðàÿõ y = 0,y = b çàäàíû óñëîâèÿ øàð-
íèðíîãî�çàêðåïëåíèÿ, çäåñü ýòè êðàÿ ïîëàãàþòñÿ æ¼ñòêî çàäåëàííûìè, ÷òî ïðè-
âîäèò ê òîìó, ÷òî ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ñòàíîâèòñÿ íåïðèìåíèìûì. Â
ýòîì ñëó÷àå íåîáõîäèìî ïðèìåíåíèå ïðèáëèæ¼ííûõ ìåòîäîâ, â ÷àñòíîñòè, ìåòîäà
Ãàë¼ðêèíà.

1 Ïîñòàíîâêà çàäà÷è

Ïóñòü ïëàñòèíêà çàíèìàåò îáëàñòü 0 ≤ x ≤ a:0 ≤ y ≤ b, −h ≤ z ≤ h è ñæàòà ïî
ñòîðîíàì y = 0, b, êîòîðûå æ¼ñòêî çàäåëàíû. Óðàâíåíèå óñòîé÷èâîñòè ïëàñòèíêè
óäîáíî çàïèñàòü â âèäå:

L(w) ≡ ∆2w + α2 ∂
2w

∂y2
, α2 =

P

D
(1.1)

Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâè-
ÿì

w = 0,
∂w

∂y
= 0 ïðè y = 0, b (1.2)

Ðåøåíèå óðàâíåíèÿ (2.1) ïðåäñòàâèì â âèäå áåñêîíå÷íîãî ðÿäà

w(x, y) =

∞∑
n=1

ϕn(x)qn(y) (1.3)

ãäå ôóíêöèè qn(y) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì

qn|y=0,b = 0,
dqn
dy

|y=0,b = 0, (1.4)

÷òî îáåñïå÷èâàåò óäîâëåòâîðåíèþ ãðàíè÷íûì óñëîâèÿì çàêðåïë¼ííîãî êðàÿ (1.2).
Ôóíêöèè qn(y), â ÷àñòíîñòè, ñîãëàñíî ìåòîäó Ãàë¼ðêèíà, ìîãóò áûòü îïðåäåëåíû
èç ðåøåíèÿ çàäà÷è óñòîé÷èâîñòè äëÿ óðàâíåíèÿ áàëêè

d4qn
dy4

+ α2 d
2qn
dy2

= 0 (1.5)

Ñîãëàñíî ìåòîäó Ãàë¼ðêèíà (èëè Áóáíîâà�Ãàë¼ðêèíà) äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, îïðåäåëÿþùèå ôóíêöèè ϕn(y), ïîëó÷àþòñÿ èç ðàâåíñòâ:

b∫
0

qm(y)L

( ∞∑
n=1

ϕnqn

)
dy = 0, m = 1, 2, . . . (1.6)
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Àíàëîãè÷íûì îáðàçîì óñòàíàâëèâàþòñÿ òàêæå ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèè
ϕn(x) ïðè x = 0 è x = a. Â ÷àñòíîñòè, äëÿ ãðàíè÷íûõ óñëîâèé ñâîáîäíîãî êðàÿ
(1.5) áóäåì èìåòü

b∫
0

qm

∞∑
n=1

(
qnϕ

′′
n + ν

d2qn
dy2

ϕn

)
dy = 0

b∫
0

qm

∞∑
n=1

(
qnϕ

′′′
n + (2− ν)

d2qn
dy2

ϕ′
n

)
dy = 0

(1.7)

2 Ïðèáëèæåííîå ðåøåíèå

Äëÿ êà÷åñòâåííîé îöåíêè ìèíèìàëüíîé êðèòè÷åñêîé íàãðóçêè â ðÿäå (1.3)
ìîæíî îãðàíè÷èòüñÿ îäíèì ÷ëåíîì

w(x, y) = ϕ1(x)q1(y) (2.1)

Â ýòîì ñëó÷àå, âìåñòî ñèñòåìû óðàâíåíèé (1.6) ïîëó÷àåòñÿ îäíî óðàâíåíèå

ϕIV
1 − 2γ2

1ϕ
′′
1 +

(
γ2
2 − α2γ2

1

)
ϕ1 = 0 (2.2)

ãäå êîýôôèöèåíòû γ2
1 , γ

2
2 , ñ ó÷¼òîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì è óñëîâèé (1.4)

b∫
0

q1
d2q1
dy2

dy = −
b∫

0

(
dq1
dy

)2

dy,

b∫
0

q1
d4q1
dy4

dy =

b∫
0

(
d2q1
dy2

)2

dy (2.3)

èìåþò âèä:

γ2
1 =

 b∫
0

q21dy

−1 b∫
0

(
dq1
dy

)2

dy, γ2
2 =

 b∫
0

q21dy

−1 b∫
0

(
d2q1
dy2

)2

dy (2.4)

Ãðàíè÷íûå óñëîâèÿ ñâîáîäíîãî êðàÿ x = 0 äëÿ ôóíêöèé ϕ1(x) ñîãëàñíî (1.7)
áóäóò:

ϕ′′
1 − νγ2

1ϕ1 = 0, ϕ′′′
1 − (2− ν)γ2

1ϕ
′
1 = 0, (2.5)

Îáùåå ðåøåíèå îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.2), óäîáíî çà-
ïèñàòü â âèäå

ϕ1(x) = Ashr1γ1x+Bchr1γ1x+ Cshr2γ2x+Dchr2γ2x (2.6)

ãäå

r1,2 =

(
1±

√
1− γ2 + β2

1

)1/2

, γ2 =
γ2
2

γ2
1

, β2
1 =

α2

γ2
1

=
P

Dγ2
1

(2.7)
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Òðåáîâàíèå, ÷òîáû ðåøåíèå (2.6) óäîâëåòâîðÿëî ãðàíè÷íûì óñëîâèÿì ñâîáîäíîãî
êðàÿ (2.5), ïðèâîäèò ê íîâîìó âûðàæåíèþ äëÿ ôóíêöèè ϕ1(x)

ϕ1(x) =

(
shr1γ1x− r1(r

2
1 − 2 + ν)

r2(r22 − 2 + ν)
shr2γ2x

)
A+

+

(
chr1γ1x− r21 − ν

r22 − ν
chr2γ2x

)
B

(2.8)

ãäå îñòàâøèåñÿ ïðîèçâîëüíûå ïîñòîÿííûå A è B äîëæíû áûòü îïðåäåëåíû ïîñëå
óäîâëåòâîðåíèÿ ãðàíè÷íûì óñëîâèÿì íà êðàå ïëàñòèíû x = a .

Ïóñòü íà êðîìêå ïëàñòèíû x = a çàäàíû óñëîâèÿ øàðíèðíîãî çàêðåïëåíèÿ
(1.4), îòêóäà ñëåäóþò óñëîâèÿ äëÿ ôóíêöèè ϕ1(x):

ϕ1(a) = 0, ϕ′′
1(a) = 0, (2.9)

Òðåáîâàíèå, ÷òîáû ðåøåíèå (2.8) óäîâëåòâîðÿëî ãðàíè÷íûì óñëîâèÿì (2.9), ïðè-
âîäèò ê ñèñòåìå îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïðîèçâîëü-
íûõ ïîñòîÿííûõ A,B. Óñëîâèå ðàâåíñòâà íóëþ äåòåðìèíàíòà ýòîé ñèñòåìû, ïîñëå
íåêîòîðûõ ïðåîáðàçîâàíèé, ïðèâîäèò ê óðàâíåíèþ

M(r1, r2) ≡ (r21 − r22)M1(β1, ν) = 0 (2.10)

ãäå

M1(β1, ν) =
r21 − ν

r22 − ν
thχ1 −

r1(r
2
1 − 2 + ν)

r2(r22 − 2 + ν)
thχ2, χi = riγ1a, i = 1, 2 (2.11)

Ïðè r21 − r22 = 0 ïîëó÷àåòñÿ êîðåíü óðàâíåíèÿ (2.10) β2
1 = γ2 − 1, êîòîðîìó, êàê

íåòðóäíî ïðîâåðèòü èç ðåøåíèÿ (2.2), óäîâëåòâîðÿþùåãî óñëîâèÿì (2.5) è (2.9),
ñîîòâåòñòâóåò òðèâèàëüíîå ðåøåíèå ϕ1 = 0 (w = 0).

Èç óðàâíåíèÿ
M1(β1, ν) = 0 (2.12)

â ïðèáëèæåíèè
thχi ≈ 1 (2.13)

ïîëó÷àåòñÿ óðàâíåíèå
r21r

2
2 + 2(1− ν)r1r2 − ν2 = 0 (2.14)

Óðàâíåíèå (2.14) ñîâïàäàåò ñ óðàâíåíèåì, îïðåäåëÿþùèì êðèòè÷åñêóþ íàãðóçêó
ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ïîëóáåñêîíå÷íîé ïëàñòèíû�ïîëîñû [4,5] ñ çàìå-
íîé r1, r2 íà p1, p2.

Èç (2.7) ñëåäóåò, ÷òî óñëîâèå ñóùåñòâîâàíèÿ îòëè÷àåòñÿ îò (2.11) ðàáîòû [15]
è èìååò âèä

0 < β2
1 < γ2 β2

1 > γ2 − 1 (2.15)

Óðàâíåíèå (2.14) ïîêàçûâàåò, ÷òî, êàê è â ñëó÷àå øàðíèðíî-çàêðåïë¼ííûõ êðà¼â
y = 0 è y = b, ëîêàëèçîâàííàÿ íåóñòîé÷èâîñòü ñóùåñòâóåò ïðè óñëîâèè ν 6= 0.
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3 Óñëîâèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè

Â ðàññìàòðèâàåìîì çäåñü ñëó÷àå, êîãäà êðàÿ ïëàñòèíêè y = 0,y = b çàêðåï-
ëåíû, óñëîâèå ïîÿâëåíèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè â çàâèñèìîñòè îò îò-
íîøåíèÿ a/b,β2

1 > γ , â ðåøåíèè (2.8) ãèïåðáîëè÷åñêèå ôóíêöèè shr2γ1x, chr2γ1x
çàìåíÿþòñÿ òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè.

Ïðè ïðåäåëüíîì ïåðåõîäå r2 → 0 (β2
1 → γ). Â óðàâíåíèè (2.11) ïîëó÷àåòñÿ

óðàâíåíèå, îïðåäåëÿþùåå γ1a, ïðè êîòîðîì ïîÿâèòñÿ ëîêàëèçîâàííàÿ íåóñòîé÷è-
âîñòü

− 2− ν

ν
th
√
2γ1a+

ν

2− ν

√
2γ1a = 0 (3.1)

Îòñþäà òàêæå ïîëó÷àåòñÿ ïðèáëèæ¼ííàÿ ôîðìóëà

γ1a ≥ 2− ν2√
2ν2

(3.2)

Íåòðóäíî çàìåòèòü, ÷òî óðàâíåíèå (3.1) è íåðàâåíñòâî (3.2) àíàëîãè÷íû óðàâíå-
íèþ (2.10) è íåðàâåíñòâó (2.12) ðàáîòû [15].

Äëÿ êà÷åñòâåííîé îöåíêè âëèÿíèÿ çàêðåïë¼ííûõ êðà¼â y = 0 è y = b ìîæíî
âçÿòü â (2.1) ôóíêöèè

q1(y) = y2
(
1− y

b

)2
(3.3)

Ñîãëàñíî ôîðìóëàì (2.4), íåîáõîäèìûå ïàðàìåòðû çàäà÷è îïðåäåëÿþòñÿ ñëåäó-
þùèì îáðàçîì:

γ2
1 =

12

b2
, γ2

2 =
504

b4
, γ2 =

42

b2
(3.4)

Ñðàâíåíèå ôîðìóëû (2.13) ðàáîòû [15] è (3.2), ñ ó÷¼òîì (3.4), ïîêàçûâàåò, ÷òî
ìèíèìàëüíîå îòíîøåíèå a/b ñòîðîí ïëàñòèíêè, ïðè êîòîðîì ñòàíîâèòñÿ âîçìîæ-
íûì ïîÿâëåíèå ëîêàëèçîâàííîé íåóñòîé÷èâîñòè, â ñëó÷àå øàðíèðíî çàêðåïë¼í-
íûõ ñòîðîí y = 0,y = b áîëüøå, ÷åì ýòî æå îòíîøåíèå â ñëó÷àå çàêðåïë¼ííûõ
êðà¼â, ïðèáëèçèòåëüíî â òðè ðàçà

Çàêëþ÷åíèå

Èññëåäîâàíà âîçìîæíîñòü ïîÿâëåíèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ó ñâî-
áîäíîãî êðàÿ x = 0 ïëàñòèíêè, ñòîðîíû y = 0,y = b êîòîðîé æ¼ñòêî çàêðåïëåíû,
à ÷åòâåðòàÿ ñòîðîíà øàðíèðíî îï¼ðòà. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëü-
òàòîâ ñ ðåçóëüòàòàìè ðàáîòû [15], ãäå àíàëîãè÷íîå èññëåäîâàíèå áûëî ïðîâåäåíî
äëÿ ïëàñòèíêè, íà ñòîðîíàõ y = 0,y = b êîòîðîé çàäàíû óñëîâèÿ øàðíèðíî-
ãî îïèðàíèÿ èëè ñêîëüçÿùåé çàäåëêè. Ïîêàçàíî, ÷òî ìèíèìàëüíîå îòíîøåíèå
a/b ñòîðîí ïëàñòèíêè, ïðè êîòîðîì ñòàíîâèòñÿ âîçìîæíûì ïîÿâëåíèå ëîêàëüíîé
íåóñòîé÷èâîñòè, çàâèñèò îò ãðàíè÷íûõ óñëîâèé è ÿâëÿåòñÿ íàèìåíüøèì â ñëó÷àå
øàðíèðíîãî îïèðàíèÿ áîêîâûõ, îò ñâîáîäíîé êðîìêè, ñòîðîí ïëàñòèíêè.
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