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We consider the problem of optimal boundary control for the equation of string vibrations with

given initial and �nal conditions and given velocities of the points of the string at intermediate

moments of time and with a quality criterion speci�ed over the entire time interval. Using the

method of separation of variables and methods of optimal control theory with multipoint intermediate

conditions, optimal boundary controls are constructed for arbitrary numbers of the �rst harmonics.

As an application of the proposed constructive approach, an optimal boundary control is constructed

with given values of the velocities of the points of the string at some intermediate moments of time.

Ezrayin te�a�oxow�yownnerov lari tatanowmneri �ptimal �ekavarowm�,

erb �amanaki mijankyal paherin trva� en lari keteri aragow�yownner�

Barse�yan V. �.

Himnaba�er. lari tatanowm, ezrayin �ekavarowm, tatanowmneri �ptimal �ekavarowm, mijankyal

paymanner, �o�oxakanneri anjatowm

Ditarkva� � trva� skzbnakan  verjnakan paymannerov, �amanaki mijankyal paherin lari

keteri aragow�yownneri trva� ar�eqnerov ezreri te�a�oxow�yownnerov tatanowmneri �ptimal

�ekavarman xndir�, erb oraki haytani�� trva� � ambo�j �amanakahatva�i vra: �o�oxakanneri

anjatman  mijankyal bazmaketayin paymannerov �ptimal �ekavarman tesow�yownneri kira�mamb

a�ajin kamayakan �vov harmonikneri hamar ka�owcva� � �ptimal ezrayin �ekavarowmner�: Orpes

a�ajarkva� konstrowktiv motecman kira�ow�yown ka�owcva� � �ptimal ezrayin �ekavarowm�, erb

�amanaki mijankyal or � pahi trva� en lari keteri aragow�yownner�:
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ äëÿ óðàâíåíèÿ êîëåáàíèÿìè

ñòðóíû ñ çàäàííûìè íà÷àëüíûì, êîíå÷íûì óñëîâèÿìè è çàäàíûìè ñêîðîñòÿìè òî÷åê ñòðóíû

â ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè è ñ êðèòåðèåì êà÷åñòâà, çàäàííûì íà âñåì ïðîìåæóòêå

âðåìåíè. Èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ è ìåòîäû òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ

ñ ìíîãîòî÷å÷íûìè ïðîìåæóòî÷íûìè óñëîâèÿìè, äëÿ ïðîèçâîëüíûõ ÷èñåë ïåðâûõ ãîðìîíèê

ïîñòðîåíû îïòèìàëüíûå ãðàíè÷íûå óïðàâëåíèÿ. Â êà÷åñòâå ïðèëîæåíèÿ ïðåäëîæåííîãî êîí-

ñòðóêòèâíîãî ïîäõîäà ïîñòðîåíî ãðàíè÷íîå îïòèìàëüíîå óïðàâëåíèå ñ çàäàííûì çíà÷åíèåì

ñêîðîñòåé òî÷åê ñòðóíû â íåêîòîðîì ïðîìåæóòî÷íîì ìîìåíòå âðåìåíè.

Ââåäåíèå

Óïðàâëÿåìûå êîëåáàòåëüíûå ñèñòåìû øèðîêî ðàñïðîñòðàíåíû â ðàçëè÷íûõ
òåîðåòè÷åñêèõ è ïðèêëàäíûõ îáëàñòÿõ íàóêè. Íåîáõîäèìîñòü óïðàâëåíèÿ è îï-
òèìàëüíîãî óïðàâëåíèÿ êîëåáàòåëüíûìè ïðîöåññàìè êàê ðàñïðåäåëåííûìè, òàê
è ãðàíè÷íûìè âîçäåéñòâèÿìè, ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé, ðåøåíèþ êîòîðîé
óäåëÿþò âíèìàíèå ìíîãèå èññëåäîâàòåëè [1-14]. Íà ïðàêòèêå ÷àñòî âîçíèêàþò
çàäà÷è ãðàíè÷íîãî óïðàâëåíèÿ è îïòèìàëüíîãî óïðàâëåíèÿ, â ÷àñòíîñòè, êîãäà
íóæíî ñãåíåðèðîâàòü ñ çàðàíåå çàäàííûìè (æåëàåìûìè) ïðîìåæóòî÷íûìè ïàðà-
ìåòðàìè (ôîðìîé ïðîãèáà, ñêîðîñòüþ òî÷åê ñòðóíû è ò.ä.) êîëåáàíèÿ. Ìîäåëè-
ðîâàíèå è óïðàâëåíèå äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ êàê îáûêíîâåííûìè
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, òàê è óðàâíåíèÿìè ñ ÷àñòíûìè ïðîèçâîäíû-
ìè, ñ ïðîìåæóòî÷íûìè óñëîâèÿìè ÿâëÿþòñÿ àêòèâíî ðàçâèâàåìûì íàïðàâëåíèåì
â ñîâðåìåííîé òåîðèè óïðàâëåíèÿ. Ê èññëåäîâàíèÿì òàêèõ çàäà÷ ïîñâÿùåíû, â
÷àñòíîñòè, ðàáîòû [8-16]. Â ðàáîòå [12] ðàññìîòðåíà çàäà÷à îïòèìàëüíîãî ãðàíè÷-
íîãî óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû ñî ñìåùåíèåì îäíîãî êîíöà ïðè çàêðåïëåí-
íîì äðóãîì êîíöå ñ çàäàííûìè îãðàíè÷åíèÿìè â ïðîìåæóòî÷íûå ìîìåíòû âðå-
ìåíè. Â ðàáîòå [13] ïðåäëîæåí êîíñòðóêòèâíûé ïîäõîä ïîñòðîåíèÿ ãðàíè÷íîãî
óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû ñ çàäàííûìè íà÷àëüíûì è êîíå÷íûì óñëîâèÿ-
ìè, êîòîðûé ïîçâîëÿåò óñòàíîâèòü â ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè çàäàííûå
çíà÷åíèÿ ôóíêöèè ïðîãèáà. Äàííàÿ ðàáîòà ïðèìûêàåò ê ðàáîòàì [12, 13].

Öåëü äàííîé ñòàòüè ñîñòîèò â ðàçðàáîòêå êîíñòðóêòèâíîãî ïîäõîäà ïîñòðî-
åíèÿ ôóíêöèè îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû ñìå-
ùåíèåì íà äâóõ êîíöàõ ñ çàäàííûìè çíà÷åíèÿìè ñêîðîñòåé òî÷åê ñòðóíû â ïðî-
ìåæóòî÷íûå ìîìåíòû âðåìåíè è ñ êðèòåðèåì êà÷åñòâà, çàäàííûì íà âñåì ïðî-
ìåæóòêå âðåìåíè. Çàäà÷à ñâîäèòñÿ ê çàäà÷å óïðàâëåíèÿ ðàñïðåäåëåííûìè âîç-
äåéñòâèÿìè ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè è, èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ, ïîëó÷åííàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàííûìè íà÷àëüíûìè, êîíå÷-
íûìè è ìíîãîòî÷å÷íûìè ïðîìåæóòî÷íûìè óñëîâèÿìè. Ìåòîäîì ïðîáëåì ìîìåí-
òîâ äëÿ ïðîèçâîëüíûõ ÷èñåë ïåðâûõ ãîðìîíèê ïîñòðîåíû îïòèìàëüíûå ãðàíè÷-
íûå óïðàâëåíèÿ. Ïîëó÷åííûå ðåçóëüòàòû èëëþñòðèðóþòñÿ íà êîíêðåòíîì ïðè-
ìåðå.
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1 Ïîñòàíîâêà çàäà÷è

Ïóñòü ñîñòîÿíèå ðàñïðåäåëåííîé êîëåáàòåëüíîé ñèñòåìû (ìàëûå ïîïåðå÷íûå
êîëåáàíèÿ íàòÿíóòîé ñòðóíû), ò.å. îòêëîíåíèÿ îò ñîñòîÿíèÿ ðàâíîâåñèÿ, îïèñûâà-
þòñÿ ôóíêöèåé Q (x, t), 0 ≤ x ≤ l, 0 ≤ t ≤ T , êîòîðàÿ ïîä÷èíÿåòñÿ ïðè 0 < x < l
è t > 0 âîëíîâîìó óðàâíåíèþ

∂2Q

∂t2
= a2

∂2Q

∂x2
(1.1)

ñ íà÷àëüíûìè óñëîâèÿìè

Q(x, 0) = ϕ0(x),
∂Q

∂t

∣∣∣∣
t=0

= ψ0(x), 0 ≤ x ≤ l (1.2)

è ãðàíè÷íûìè óñëîâèÿìè

Q(0, t) = µ(t), Q(l, t) = ν(t), 0 ≤ t ≤ T, (1.3)

ãäå ôóíêöèè µ(t) è ν(t) - ãðàíè÷íûå óïðàâëåíèÿ.

Â óðàâíåíèè (1.1) a2 =
T0
ρ
, ãäå T0 - íàòÿæåíèå ñòðóíû, ρ - ïëîòíîñòü îäíî-

ðîäíîé ñòðóíû. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ Q (x, t) ∈ C2(ΩT ), ãäå ìíîæåñòâî
ΩT = {(x, t) : x ∈ [0, l] , t ∈ [0, T ]}.

Ïóñòü â íåêîòîðûå ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè tk (k = 1, ...,m),

0 = t0 < t1 < ... < tm < tm+1 = T

çàäàíû çíà÷åíèÿ ôóíêöèè ïðîãèáà ñòðóíû

∂Q

∂t

∣∣∣∣
t=ti

= ψi(x), 0 ≤ x ≤ l, i = 1, ...,m. (1.4)

Çàäà÷à ãðàíè÷íîãî îïòèìàëüíîãî óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû ñ çàäàííû-
ìè çíà÷åíèÿìè ïðîèçâîäíîé ôóíêöèè ïðîãèáà (ñêîðîñòåé òî÷åê ñòðóíû) â ïðîìå-
æóòî÷íûå ìîìåíòû âðåìåíè ñòàâèòñÿ ñëåäóþùèì îáðàçîì: ñðåäè âîçìîæíûõ
óïðàâëåíèé µ(t) è ν(t), 0 ≤ t ≤ T , òðåáóåòñÿ íàéòè îïòèìàëüíûå óïðàâëåíèÿ,
ïåðåâîäÿùèå ñèñòåìó èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ (1.2), óäîâëåòâîðÿÿ ïðî-
ìåæóòî÷íûì óñëîâèÿì (1.4), â êîíå÷íîå ñîñòîÿíèå

Q(x, T ) = ϕT (x),
∂Q

∂t

∣∣∣∣
t=T

= ψT (x) = ψm+1(x), 0 ≤ x ≤ l (1.5)

è ìèíèìèçèðóþùèå ôóíêöèîíàë

T∫
0

(
µ2(t) + ν2(t)

)
dt. (1.6)

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè ϕ0(x) è ϕT (x) ïðèíàäëåæàò ïðîñòðàíñòâó
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C2[0, l], à ôóíêöèè ψi(x) (i = 0, 1, . . . ,m,m+1) ïðèíàäëåæàò ïðîñòðàíñòâó C1[0, l].
Ïðåäïîëàãàåòñÿ òàêæå, ÷òî âñå ôóíêöèè òàêèå, ÷òî âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñî-
âàíèÿ, êîòîðûå ïðèâåäåíû íèæå.

Îòìåòèì, ÷òî òàê êàê â îòäåëüíûå ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè tk (k =
1, . . . ,m) çàäàíû òîëüêî çíà÷åíèÿ ïðîèçâîäíîé ôóíêöèè ïðîãèáà (1.4) ñòðóíû,
òî èñïîëüçîâàòü ïîäõîä ïîýòàïíîãî ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ íå
öåëåñîîáðàçíî. Ïîýòîìó â ðàáîòå ïðåäëàãàåòñÿ òàêîé ïîäõîä ðåøåíèÿ ðàññìîò-
ðåííîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, â êîòîðîì ó÷èòûâàåòñÿ ñïåöèôèêà ïðî-
ìåæóòî÷íûõ óñëîâèé (1.4).

2 Ñâåäåíèå çàäà÷è ê çàäà÷å ñ íóëåâûìè ãðàíè÷-

íûìè óñëîâèÿìè

Òàê êàê ãðàíè÷íûå óñëîâèÿ (1.3) íåîäíîðîäíû, ðåøåíèå ïîñòàâëåííîé çàäà÷è
ñâîäèì ê çàäà÷å ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè.

Ðåøåíèå óðàâíåíèÿ (1.1) èùåì â âèäå ñóììû

Q(x, t) = V (x, t) +W (x, t) (2.1)

ãäå V (x, t) - íåèçâåñòíàÿ ôóíêöèÿ ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

V (0, t) = V (l, t) = 0 (2.2)

è ïðåäñòîÿùàÿ îïðåäåëåíèþ, à W (x, t) - ðåøåíèå óðàâíåíèÿ (1.1) ñ íåîäíîðîäíû-
ìè ãðàíè÷íûìè óñëîâèÿìè

W (0, t) = µ(t), W (l, t) = ν(t). (2.3)

Ôóíêöèÿ W (x, t) èìååò âèä

W (x, t) = (ν(t)− µ(t))
x

l
+ µ(t). (2.4)

Ïîäñòàâèâ (2.1) â (1.1) è ó÷èòûâàÿ (2.4), ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè
V (x, t)

∂2V

∂t2
= a2

∂2V

∂x2
+ F (x, t), (2.5)

ãäå
F (x, t) = (µ̈(t)− ν̈(t))

x

l
− µ̈(t). (2.6)

Â ñèëó íà÷àëüíûõ, ïðîìåæóòî÷íûõ è ãðàíè÷íûõ óñëîâèé, ñîîòâåòñòâåííî
(1.2), (1.4) è (1.5), ôóíêöèÿ äîëæíà óäîâëåòâîðÿòü ñëåäóþùèì íà÷àëüíûì óñëî-
âèÿì

V (x, 0) = ϕ0(x)− (ν(0)− µ(0))
x

l
− µ(0),

∂V

∂t

∣∣∣∣
t=0

= ψ0(x)− (ν̇(0)− µ̇(0))
x

l
− µ̇(0),

(2.7)
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ïðîìåæóòî÷íûì óñëîâèÿì

∂V

∂t

∣∣∣∣
t=ti

= ψi(x)− (ν̇(ti)− µ̇(ti))
x

l
− µ̇(ti), i = 1, . . . ,m, (2.8)

è êîíå÷íûì óñëîâèÿì

V (x, T ) = ϕT (x)− (ν(T )− µ(T ))
x

l
− µ(T ),

∂V

∂t

∣∣∣∣
t=T

= ψT (x)− (ν̇(T )− µ̇(T ))
x

l
− µ̇(T ).

(2.9)

Èç óñëîâèé (2.7) - (2.9), ñ ó÷åòîì (2.2), ïîëó÷èì ñëåäóþùèå óñëîâèÿ ñîãëàñî-
âàíèÿ

µ(0) = ϕ0(0), µ̇(0) = ψ0(0), ν(0) = ϕ0(l), ν̇(0) = ψ0(l), (2.10)

µ̇(ti) = ψi(0), ν̇(ti) = ψi(l), i = 1, . . . ,m, (2.11)

µ(T ) = ϕT (0), µ̇(T ) = ψT (0), ν(T ) = ϕT (l), ν̇(T ) = ψT (l). (2.12)

Ñëåäîâàòåëüíî, ñ ó÷åòîì óñëîâèé (2.10)-(2.12), óñëîâèÿ (2.7)-(2.9) çàïèøóòñÿ
ñëåäóþùèì îáðàçîì, ñîîòâåòñòâåííî:

V (x, 0) = ϕ0(x)− (ϕ0(l)− ϕ0(0))
x

l
− ϕ0(0),

∂V

∂t

∣∣∣∣
t=0

= ψ0(x)− (ψ0(l)− ψ0(0))
x

l
− ψ0(0),

(2.13)

∂V

∂t

∣∣∣∣
t=ti

= ψi(x)− (ψi(l)− ψi(0))
x

l
− ψi(0), i = 1, . . . ,m, (2.14)

V (x, T ) = ϕT (x)− (ϕT (l)− ϕT (0))
x

l
− ϕT (0),

∂V

∂t

∣∣∣∣
t=T

= ψT (x)− (ψT (l)− ψT (0))
x

l
− ψT (0).

(2.15)

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ êîëå-
áàíèÿìè ñòðóíû ñ çàäàííûìè çíà÷åíèÿìè ïðîèçâîäíîé ôóíêöèè ïðîãèáà â ïðî-
ìåæóòî÷íûå ìîìåíòû âðåìåíè ñâåäåíà ê çàäà÷å óïðàâëåíèÿ (2.5), (2.6) ñ ãðàíè÷-
íûìè óñëîâèÿìè (2.2) è ìèíèìèçèðóåìûì ôóíêöèîíàëîì (1.6), êîòîðàÿ ôîðìó-
ëèðóåòñÿ ñëåäóþùèì îáðàçîì: òðåáóåòñÿ íàéòè îïòèìàëüíûå ãðàíè÷íûå óïðàâ-
ëåíèÿ µ0(t) è ν0(t) ïðè 0 ≤ t ≤ T , ïåðåâîäÿùèå êîëåáàíèå, îïèñûâàåìîå óðàâ-
íåíèåì (2.5) ñ ãðàíè÷íûìè óñëîâèÿìè (2.2) èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ
(2.13) ÷åðåç ïðîìåæóòî÷íûå ñîñòîÿíèÿ (2.14) â êîíå÷íîå ñîñòîÿíèå (2.15) è ìè-
íèìèçèðóþùèå ôóíêöèîíàë (1.6).
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3 Ñâåäåíèå ðåøåíèÿ çàäà÷è ñ íóëåâûìè ãðàíè÷-

íûìè óñëîâèÿìè ê ïðîáëåìå ìîìåíòîâ

Ó÷èòûâàÿ, ÷òî â çàäà÷å (2.5), (2.6) ãðàíè÷íûå óñëîâèÿ (2.2) îäíîðîäíû, ïðåä-
ïîëîæåíèå âûïîëíåíèÿ óñëîâèé ñîãëàñîâàííîñòè (2.10)-(2.12) è ïðèíàäëåæíîñòü
èñïîëüçóåìûõ ôóíêöèé óêàçàííûì ñîîòâåòñòâóþùèì ïðîñòðàíñòâàì, ñîãëàñíî
òåîðèè ðÿäîâ Ôóðüå, ðåøåíèå óðàâíåíèÿ (2.5) èùåì â âèäå

V (x, t) =

∞∑
k=1

Vk(t) sin
πk

l
x, ãäå Vk(t) =

2

l

l∫
0

V (x, t) sin
πk

l
xdx. (3.1)

Ïðåäñòàâèì ôóíêöèè F (x, t), ψi(x), (i = 0, 1, . . . ,m+ 1), ϕ0(x) è ϕT (x) â âèäå
ðÿäîâ Ôóðüå è, ïîäñòàâèâ èõ âûðàæåíèÿ âìåñòå ñ V (x, t) èç (3.1) â óðàâíåíèÿ
(2.5), (2.6) è â óñëîâèÿ (2.13)-(2.15), ïîëó÷èì

V̈k(t) + λ2kVk(t) = Fk(t), λ2k =

(
aπk

l

)2

, (3.2)

Vk(0) = ϕ
(0)
k − 2a

λkl

[
ϕ0(0)− ϕ0(l)(−1)

k
]
,

V̇k(0) = ψ
(0)
k − 2a

λkl

[
ψ0(0)− ψ0(l)(−1)

k
]
,

(3.3)

V̇k(ti) = ψ
(i)
k − 2a

λkl

[
ψi(0)− ψi(l)(−1)

k
]
, i = 1 . . . ,m, (3.4)

Vk(T ) = ϕ
(T )
k − 2a

λkl

[
ϕT (0)− ϕT (l)(−1)

k
]
,

V̇k(T ) = ψ
(T )
k − 2a

λkl

[
ψT (0)− ψT (l)(−1)

k
]
,

(3.5)

ãäå

Fk(t) =
2a

λkl

[
ν̈(t)(−1)

k − µ̈(t)
]
. (3.6)

Çäåñü ÷åðåç ψ(i)
k (i = 0, 1, . . . ,m,m + 1), ϕ(0)

k è ϕ
(T )
k îáîçíà÷åíû êîýôôèöèåíòû

Ôóðüå, ñîîòâåòñòâåííî ôóíêöèÿì ψi(x) (i = 0, 1, . . . ,m,m+ 1), ϕ0(x) è ϕT (x).

Îáùåå ðåøåíèå óðàâíåíèÿ (3.2) ñ íà÷àëüíûìè óñëîâèÿìè (3.3) èìååò âèä

Vk(t) = Vk(0) cosλkt+
1

λk
V̇k(0) sinλkt+

1

λk

t∫
0

Fk(τ) sinλk(t− τ)dτ. (3.7)

Òåïåðü ó÷èòûâàÿ ïðîìåæóòî÷íûå (3.4) è êîíå÷íûå (3.5) óñëîâèÿ, èç (3.7) ïî-
ëó÷èì, ÷òî ôóíêöèè Fk(τ) äëÿ êàæäîãî k äîëæíû óäîâëåòâîðÿòü ñëåäóþùåé
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ñèñòåìå ðàâåíñòâ:

T∫
0

Fk(τ) sinλk(T − τ)dτ = C̃1k(T ),

T∫
0

Fk(τ) cosλk(T − τ)dτ = C̃2k(T ),

tj∫
0

Fk(τ) cosλk(tj − τ)dτ = C̃2k(tj), j = 1, . . . ,m,

(3.8)

ãäå

C̃1k(T ) = λkVk(T )− λkVk(0) cosλkT − V̇k(0) sinλkT,

C̃2k(T ) = V̇k(T ) + λkVk(0) sinλkT − V̇k(0) cosλkT,

C̃2k(tj) = V̇k(tj) + λkVk(0) sinλktj − V̇k(0) cosλktj .

(3.9)

Ïîäñòàâëÿÿ âûðàæåíèå ôóíêöèè Fk(t) èç (3.6) â (3.8) è èíòåãðèðóÿ ïî ÷àñòÿì,
ñ ó÷åòîì óñëîâèé (2.10)-(2.12), ïîëó÷èì

T∫
0

µ(τ) sinλk (T − τ) dτ −
T∫

0

ν(τ)(−1) sinλk (T − τ) dτ = C1k(T ),

T∫
0

µ(τ) cosλk (T − τ) dτ −
T∫

0

ν(τ)(−1) cosλk (T − τ) dτ = C2k(T ),

T∫
0

µ(τ)g
(1)
k (τ) dτ −

T∫
0

ν(τ)(−1)g
(1)
k (τ) dτ = C2k(t1),

. . .

T∫
0

µ(τ)g
(m)
k (τ) dτ −

T∫
0

ν(τ)(−1)g
(m)
k (τ) dτ = C2k(tm), k = 1, 2, . . . ,

(3.10)

ãäå

C1k(T ) =
1

λ2k

[
λkl

2a
C̃1k(T ) +X1k − (−1)

k
Y1k

]
,

C2k(T ) =
1

λ2k

[
λkl

2a
C̃2k(T ) +X2k − (−1)

k
Y2k

]
,

C2k(tj) =
1

λ2k

[
λkl

2a
C̃2k(tj) +X

(j)
2k − (−1)

k
Y

(j)
2k

]
, j = 1, . . . ,m,

(3.11)
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X1k = λkϕT (0)− ψ0(0) sinλkT − λkϕ0(0) cosλkT,

X2k = ψT (0)− ψ0(0) cosλkT + λkϕ0(0) sinλkT,

Y1k = λkϕT (l)− ψ0(l) sinλkT − λkϕ0(l) cosλkT,

Y2k = ψT (l)− ψ0(l) cosλkT + λkϕ0(l) sinλkT,

X
(j)
2k = ψj(0)− ψ0(0) cosλktj + λkϕ0(0) sinλktj ,

Y
(j)
2k = ψj(l)− ψ0(l) cosλktj + λkϕ0(l) sinλktj ,

g
(j)
k (τ) =

{
cosλk(tj − τ), 0 ≤ τ ≤ tj ,

0, tj < τ ≤ T,
j = 1, . . . ,m.

(3.12)

Èç ñîîòíîøåíèÿ (3.10) ñëåäóåò, ÷òî äëÿ êàæäîé ãàðìîíèêè äâèæåíèå (ò.å. äëÿ
êàæäîãî k = 1, 2, . . .), îïèñûâàåìîå óðàâíåíèåì (3.2), (3.6) ñ óñëîâèÿìè (3.3)-(3.5)
âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáûõ çàäàííûõ çíà÷åíèé
ïîñòîÿííûõ C1k(T ), C2k(T ), C2k(t1), . . ., C2k(tm) â (3.11) ìîæíî íàéòè óïðàâëåíèå
µ(t) è ν(t), 0 ≤ t ≤ T , óäîâëåòâîðÿþùåå óñëîâèþ (3.10).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Hk(τ) =


sinλk (T − τ) (−1)

k+1
sinλk (T − τ)

cosλk (T − τ) (−1)
k+1

cosλk (T − τ)

g
(1)
k (τ) (−1)

k+1
g
(1)
k (τ)

. . . . . .

g
(m)
k (τ) (−1)

k+1
g
(m)
k (τ)

 ,

Ck(t1, . . . , tm, T ) =


C1k(T )
C2k(T )
C2k(t1)

...
C2k(tm)

 , U (τ) =

(
µ(τ)
ν(τ)

)
.

(3.13)

Òîãäà ñîîòíîøåíèå (3.10) çàïèøåòñÿ ñëåäóþùèì îáðàçîì

T∫
0

Hk(τ)U(τ)dτ = Ck(t1, . . . , tm, T ), k = 1, 2, . . . (3.14)

Ñëåäîâàòåëüíî, äëÿ íàõîæäåíèÿ ôóíêöèè U (τ), τ ∈ [0, T ], ïîëó÷àþòñÿ áåñêî-
íå÷íûå èíòåãðàëüíûå ñîîòíîøåíèÿ (3.14).

Òàêèì îáðàçîì, ðåøåíèå ïîñòàâëåííîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñâî-
äèòñÿ ê íàõîæäåíèþ òàêèõ ãðàíè÷íûõ óïðàâëåíèé µ(t) è ν(t), 0 ≤ t ≤ T , êîòîðûå
äëÿ êàæäîãî k = 1, 2, . . . óäîâëåòâîðÿþò èíòåãðàëüíûì ñîîòíîøåíèÿì (3.10) (èëè
(3.14)) è äîñòàâëÿþò ìèíèìóì ôóíêöèîíàëó (1.6). Çàäà÷ó îïòèìàëüíîãî óïðàâëå-
íèÿ ïðè ôóíêöèîíàëå (1.6) ñ èíòåãðàëüíûìè óñëîâèÿìè (3.10) (èëè (3.14)) ìîæíî
ðàññìàòðèâàòü êàê çàäà÷ó óñëîâíîãî ýêñòðåìóìà èç âàðèàöèîííîãî èñ÷èñëåíèÿ.
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4 Ðåøåíèå çàäà÷è

Òàê êàê ôóíêöèîíàë (1.6) ÿâëÿåòñÿ êâàäðàòîì íîðìû ëèíåéíîãî íîðìèðîâàí-
íîãî ïðîñòðàíñòâà, à èíòåãðàëüíûå ñîîòíîøåíèÿ (3.10) (èëè (3.14)), ïîðîæäåííûå
ôóíêöèÿìè µ(t) è ν(t), ëèíåéíû, òî çàäà÷ó îïðåäåëåíèÿ îïòèìàëüíîãî óïðàâëå-
íèÿ äëÿ êàæäîãî k = 1, 2, . . . ìîæíî ðàññìàòðèâàòü êàê ïðîáëåìó ìîìåíòîâ [1,
15, 17]. Ñëåäîâàòåëüíî, ðåøåíèå ìîæíî ïîñòðîèòü ñ ïîìîùüþ àëãîðèòìà ðåøåíèÿ
ïðîáëåìû ìîìåíòîâ.

Íà ïðàêòèêå îáû÷íî âûáèðàþòñÿ íåñêîëüêî ïåðâûõ n ãàðìîíèê óïðóãèõ êî-
ëåáàíèé è ðåøàåòñÿ çàäà÷à ñèíòåçà óïðàâëåíèé, èñïîëüçóÿ ìåòîäû òåîðèè óï-
ðàâëåíèÿ êîíå÷íîìåðûìè ñèñòåìàìè. Ïîýòîìó ïîñòðîèì ðåøåíèå çàäà÷è (1.6) è
(3.10) ïðè k = 1, 2, . . . , n ñ ïîìîùüþ àëãîðèòìà ðåøåíèÿ ïðîáëåìû ìîìåíòîâ.
Äëÿ ðåøåíèÿ êîíå÷íîìåðíîé (ïðè k = 1, 2, . . . , n) ïðîáëåìû ìîìåíòîâ (1.6) è
(3.10), ñëåäóÿ [17], íóæíî íàéòè âåëè÷èíû pk, qk, γik, k = 1, . . . , n, i = 1, . . . ,m,
ñâÿçàííûå óñëîâèåì

n∑
k=1

[
pkC1k(T ) + qkC2k(T ) +

m∑
i=1

γikC1k(ti)

]
= 1, (4.1)

äëÿ êîòîðûõ

(ρ0n)
2
= min

(4.1)

T∫
0

[
h21n(τ) + h22n(τ)

]
dτ, (4.2)

ãäå

h1n(τ) =

n∑
k=1

[
pk sinλk (T − τ) + qk cosλk (T − τ) +

m∑
i=1

γikg
(i)
k (τ)

]
,

h2n(τ) =

n∑
k=1

(−1)
k+1

[
pk sinλk (T − τ) + qk cosλk (T − τ) +

m∑
i=1

γikg
(i)
k (τ)

]
.

(4.3)

Äëÿ îïðåäåëåíèÿ âåëè÷èí p0k, q
0
k, γ

0
ik, k = 1, . . . , n, i = 1, . . . ,m, ìèíèìèçè-

ðóþùèõ (4.2), ïðèìåíèì ìåòîä íåîïðåäåëåííûõ ìíîæèòåëåé Ëàãðàíæà. Ââåäåì
ôóíêöèþ

fn =

T∫
0

[
(h1n(τ))

2
+ (h2n(τ))

2
]
dτ+

+ βn

[
n∑

k=1

(
pkC1k(T ) + qkC2k(T ) +

m∑
i=1

γikC1k(ti)

)
− 1

]
,

ãäå βn - íåîïðåäåëåííûé ìíîæèòåëü Ëàãðàíæà. Íà îñíîâå ýòîãî ìåòîäà, âû÷èñëÿÿ
ïðîèçâîäíûå ïî pk, qk, γik, k = 1, . . . , n, i = 1, . . . ,m ôóíêöèè fn è ïðèðàâíèâàÿ ê
íóëþ, ñ ó÷åòîì îáîçíà÷åíèÿ (4.3), (3.12) è ïðèñîåäèíÿÿ ê ïîëó÷åííûì óðàâíåíèÿì
óñëîâèå (4.1), ïîëó÷èì çàìêíóòóþ ñèñòåìó 2n+mn+1 àëãåáðàè÷åñêèõ óðàâíåíèé
îòíîñèòåëüíî ñòîëüêèõ æå íåèçâåñòíûõ âåëè÷èí pk, qk, γik, k = 1, . . . , n, i =
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1, . . . ,m è βn:

n∑
j=1

Ij

[
ajkpj + bjkqj +

m∑
α=1

c
(α)
αk γαj

]
= −βn

2
C1k(T ),

n∑
j=1

Ij

[
djkpj + ejkqj +

m∑
α=1

f
(α)
αk γαj

]
= −βn

2
C2k(T ),

n∑
j=1

Ij

[
a
(i)
jk pj + b

(i)
jk jk

qj +

m∑
α=1

g
(αi)
αk γαj

]
= −βn

2
C2k(ti),

(4.4)

n∑
k=1

[
pkC1k(T ) + qkC2k(T ) +

m∑
i=1

γikC2k(ti)

]
= 1,

k = 1, . . . , n, i = 1, . . . ,m,

ãäå

ajk =

T∫
0

sinλj (T − τ) sinλk (T − τ) dτ, bjk =

T∫
0

cosλj (T − τ) sinλk (T − τ) dτ,

c
(α)
jk =

T∫
0

g
(α)
j (τ) sinλk (T − τ) dτ, djk =

T∫
0

sinλj (T − τ) cosλk (T − τ) dτ,

ejk =

T∫
0

cosλj (T − τ) cosλk (T − τ) dτ, (4.5)

a
(i)
jk =

T∫
0

sinλj (T − τ) g
(i)
k (τ) dτ, b

(i)
jk =

T∫
0

cosλj (T − τ) g
(i)
k (τ) dτ,

f
(α)
jk =

T∫
0

g
(α)
j (τ) cosλk (T − τ) dτ, g

(αi)
jk =

T∫
0

g
(α)
j (τ) g

(i)
k (τ) dτ.

Ïóñòü âåëè÷èíû p0k, q
0
k, γ

0
ik, k = 1, . . . , n, i = 1, . . . ,m è β0

n, ÿâëÿþòñÿ ðåøåíèeì
çàìêíóòîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (4.4). Òîãäà, ñîãëàñíî (4.3), (4.2)
áóäåì èìåòü

h01n(τ) =

n∑
k=1

[
p0k sinλk (T − τ) + q0k cosλk (T − τ) +

m∑
i=1

γ0ikg
(i)
k (τ)

]
,

h02n(τ) =

n∑
k=1

(−1)
k+1

[
p0k sinλk (T − τ) + q0k cosλk (T − τ) +

m∑
i=1

γ0ikg
(i)
k (τ)

]
, (4.6)
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(ρ0n)
2
=

T∫
0

[(
h01n(τ)

)2
+
(
h02n(τ)

)2]
dτ.

Ñëåäóÿ [17], îïòèìàëüíûå ãðàíè÷íûå óïðàâëåíèÿ µ0
n(τ) è ν0n(τ) äëÿ ëþáîãî

n = 1, 2, . . . ïðåäñòàâÿòñÿ â âèäå:

µ0
n(τ) =

1

(ρ0n)
2h

0
1n(τ), ν0n(τ) =

1

(ρ0n)
2h

0
2n(τ).

Òàêèì îáðàçîì, îïòèìàëüíûå óïðàâëåíèÿ µ0
n(τ) è ν

0
n(τ), τ ∈ [0, T ], ñîãëàñíî

ôîðìóëàì (3.12) è (4.6), çàïèñûâàþòñÿ â âèäå:

µ0
n(τ) =



1
(ρ0

n)
2

n∑
k=1

[
Gk

(
p0k, q

0
k, λk, T, τ

)
+

m∑
i=1

γ0ik cosλk (ti − τ)

]
, 0 ≤ τ ≤ t1

1
(ρ0

n)
2

n∑
k=1

[
Gk

(
p0k, q

0
k, λk, T, τ

)
+

m∑
i=2

γ0ik cosλk (ti − τ)

]
, t1 < τ ≤ t2

. . .

1
(ρ0

n)
2

n∑
k=1

[
Gk

(
p0k, q

0
k, λk, T, τ

)
+ γ0mk cosλk (tm − τ)

]
, tm−1 < τ ≤ tm

1
(ρ0

n)
2

n∑
k=1

Gk

(
p0k, q

0
k, λk, T, τ

)
, tm < τ ≤ tm+1 = T

ν0n(τ) =



1
(ρ0

n)
2

n∑
k=1

(−1)
k+1

[
Gk

(
p0k, q

0
k, λk, T, τ

)
+

m∑
i=1

γ0ik cosλk (ti − τ)

]
,

0 ≤ τ ≤ t1

1
(ρ0

n)
2

n∑
k=1

(−1)
k+1

[
Gk

(
p0k, q

0
k, λk, T, τ

)
+

m∑
i=2

γ0ik cosλk (ti − τ)

]
,

t1 < τ ≤ t2

. . .

1
(ρ0

n)
2

n∑
k=1

(−1)
k+1 [

Gk

(
p0k, q

0
k, λk, T, τ

)
+ γ0mk cosλk (tm − τ)

]
,

tm−1 < τ ≤ tm
1

(ρ0
n)

2

n∑
k=1

(−1)
k+1

Gk

(
p0k, q

0
k, λk, T, τ

)
, tm < τ ≤ tm+1 = T

ãäå Gk

(
p0k, q

0
k, λk, T, τ

)
=
[
p0k sinλk (T − τ) + q0k cosλk (T − τ)

]
.

Òåïåðü ïîñòðîèì ôóíêöèþ ïðîãèáà, ñîîòâåòñòâóþùóþ îïòèìàëüíûì óïðàâëå-
íèÿì µ0

n(τ) è ν
0
n(τ). Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ äëÿ îïòèìàëüíûõ óïðàâ-

ëåíèé µ0
n(τ) è ν

0
n(τ) â (3.6), à ïîëó÷åííîå äëÿ F

0
k (t) âûðàæåíèå � â (3.7), ïîëó÷èì

ôóíêöèþ V 0
k (t), t ∈ [0, T ], k = 1, . . . , n. Äàëåå, èç ôîðìóëû (3.1) áóäåì èìåòü

V 0
n (x, t) =

n∑
k=1

V 0
k (t) sin

πk

l
x, (4.7)
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à èç (2.4) ôóíêöèÿ W 0
n(x, t) èìååò âèä

W 0
n(x, t) = (ν0n(t)− µ0

n(t))
x

l
+ µ0

n(t). (4.8)

Òàêèì îáðàçîì, ñîãëàñíî (2.1), äëÿ ïåðâûõ n ãàðìîíèê îïòèìàëüíàÿ ôóíêöèÿ
ïðîãèáà ñòðóíû Q0

n(x, t), ñ ó÷åòîì (4.7) è (4.8) çàïèøåòñÿ â âèäå

Q0
n(x, t) = V 0

n (x, t) +W 0
n(x, t). (4.9)

5 Ïîñòðîåíèå ðåøåíèÿ â ñëó÷àå m = 1

Äëÿ èëëþñòðàöèè âûøåèçëîæåííîãî ïðåäïîëîæèì, ÷òî â ãðàíè÷íûõ óñëîâè-
ÿõ (1.3) Q(l, t) = 0, 0 ≤ t ≤ T (ò.å. ν(t) = 0), è â ïðîìåæóòî÷íûé ìîìåíò âðåìåíè
t1 (0 = t0 < t1 < t2 = T ) çàäàíû çíà÷åíèÿ ñêîðîñòåé òî÷åê ñòðóíû â âèäå:

∂Q

∂t

∣∣∣∣
t=t1

= ψ1(x), 0 ≤ x ≤ l. (5.1)

Â ýòîì ñëó÷àå èç ôîðìóëû (3.6) ñëåäóåò Fk(t) = − 2a
λkl
µ̈(t), à ñîãëàñíî ôîðìó-

ëàì (3.10) áóäåì èìåòü ñëåäóþùèå èíòåãðàëüíûå ñîîòíîøåíèÿ

T∫
0

µ(τ) sinλk (T − τ) dτ = C1k(T ),

T∫
0

µ(τ) cosλk (T − τ) dτ = C2k(T ), (5.2)

T∫
0

µ(τ)g
(1)
k (τ) dτ = C2k(t1),

ãäå

C1k(T ) =
1

λ2k

[
λkl

2a
C̃1k(T ) +X1k

]
, C2k(T ) =

1

λ2k

[
λkl

2a
C̃2k(T ) +X2k

]
,

C2k(t1) =
1

λ2k

[
λkl

2a
C̃2k(t1) +X

(1)
2k

]
.

Ïîñòîÿííûå C̃1k(T ), C̃2k(T ), C̃2k(t1) îïðåäåëÿþòñÿ èç ôîðìóëû (3.9), à X1k, X2k,
X

(1)
2k èç (3.12).
Ïðèìåíÿÿ âûøåïðåäëîæåííûé ïîäõîä, ïîñòðîèì îïòèìàëüíîå ãðàíè÷íîå óï-

ðàâëåíèå µ0
n(τ) ïðè n = 1 (ñëåäîâàòåëüíî k = 1).

Äëÿ îïðåäåëåíèÿ çíà÷åíèÿ âåëè÷èí p1, q1, γ11, è β1, ñîãëàñíî (4.5) è (4.6),
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áóäåì èìåòü ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé:

a11p1 + b11q1 + c
(1)
11 γ11 = −β1

2
C11(T ), d11p1 + e11q1 + f

(1)
11 γ11 = −β1

2
C21(T ),

a
(1)
11 p1 + b

(1)
11 q1 + g

(11)
11 γ11 = −β1

2
C21(t1), C11(T )p1 + C21(T )q1 + C21(t1)γ11 = 1

(5.3)

ãäå

a11 =

T∫
0

sinλ1 (T − τ) sinλ1 (T − τ) dτ =
T

2
− 1

4λ1
sin 2λ1T,

b11 = d11 =

T∫
0

cosλ1 (T − τ) sinλ1 (T − τ) dτ =
1

2λ1
sin2λ1T,

a
(1)
11 = c

(1)
11 =

T∫
0

g
(1)
1 (τ) sinλ1 (T − τ) dτ =

1

2λ1
sinλ1t1 sinλ1T +

t1
2
sinλ1 (T − t1) ,

e11 =

T∫
0

cosλ1 (T − τ) cosλ1 (T − τ) dτ =
T

2
+

1

4λ1
sin 2λ1T,

b
(1)
11 = f

(1)
11 =

T∫
0

g
(1)
1 (τ) cosλ1 (T − τ) dτ =

1

2λ1
sinλ1t1 cosλ1T +

t1
2
cosλ1 (T − t1) ,

g
(11)
11 =

T∫
0

g
(1)
1 (τ) g

(1)
1 (τ) dτ =

t1
2
+

1

4λ1
sin 2λ1t1.

Äëÿ ïðîñòîòû, ïðåäïîëîæèì, ÷òî t1 = 4
l

a
, T = 8

l

a
. Òîãäà, ñ ó÷åòîì λ1 =

aπ

l
ïîëó÷èì t1λ1 = 4π, Tλ1 = 8π, λ1(T − t1) = 4π, ñëåäîâàòåëüíî, áóäåì èìåòü

a11 = e11 =
4l

a
, b11 = d11 = a

(1)
11 = c

(1)
11 = 0, b

(1)
11 = f

(1)
11 = g

(11)
11 =

2l

a
.

Â ýòîì ñëó÷àå ðåøàÿ ñèñòåìó óðàâíåíèé (5.3) äëÿ âåëè÷èí p1, q1, γ11, ïîëó÷èì

p01 =
A

2
C11(T ), q01 = A [C21(T )− C21(t1)] , γ011 = −A [C21(T )− 2C21(t1)] ,

ãäå

A−1 =
1

2
C2

11(T ) + C2
21(t1) + [C21(T )− C21(t1)]

2
,

C11(T ) =
l

2a
(V1(T )− V1(0)) +

ϕT (0)− ϕ0(0)

λ1
,
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C21(T ) =
l

2aλ1

(
V̇1(T )− V̇1(0)

)
+
ψT (0)− ψ0(0)

λ21
,

C21(t1) =
l

2aλ1

(
V̇1(t1)− V̇1(0)

)
+
ψT (0)− ψ0(0)

λ21
.

Ñëåäîâàòåëüíî, îïòèìàëüíîå ãðàíè÷íîå óïðàâëåíèå µ0
1(τ) çàïèñûâàåòñÿ â âè-

äå:

µ0
1(τ) =


1

(ρ0
1)

2

[
p01 sinλ1 (T − τ) + q01 cosλ1 (T − τ) + γ011 cosλ1 (t1 − τ)

]
, 0 ≤ τ ≤ t1,

1
(ρ0

1)
2

[
p01 sinλ1 (T − τ) + q01 cosλ1 (T − τ)

]
, t1 < τ ≤ T,

ãäå

(ρ01)
2
=

t1∫
0

[
p01 sinλ1 (T − τ) + q01 cosλ1 (T − τ) + γ011 cosλ1 (t1 − τ)

]2
dτ+

+

T∫
t1

[
p01 sinλ1 (T − τ) + q01 cosλ1 (T − τ)

]2
dτ.

Äàëåå, ñîãëàñíî ïðèâåäåííûì ôîðìóëàì (4.7)-(4.9), áóäåì èìåòü

Q0
1(x, t) = V 0

1 (x, t) +W 0
1 (x, t) = V 0

1 (t) sin
π

l
x+

(
1− x

l

)
µ0
1(t).

Çàêëþ÷åíèå

Ïðåäëîæåí êîíñòðóêòèâíûé ìåòîä ïîñòðîåíèÿ îïòèìàëüíîãî ãðàíè÷íîãî óï-
ðàâëåíèÿ ïðîöåññîì êîëåáàíèé îäíîðîäíîé ñòðóíû ñ çàäàííîé ñêîðîñòüþ òî÷åê
ñòðóíû â ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè è ñ êðèòåðèåì êà÷åñòâà, çàäàííûì
íà âñåì ïðîìåæóòêå âðåìåíè. Ïðåäëîæåííûé ïîäõîä îïòèìàëüíîãî ãðàíè÷íîãî
óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû, ñ èñïîëüçîâàíèåì ìåòîäà Ôóðüå âìåñòî ìåòîäà
Äàëàìáåðà, äîïóñêàåò ðàñïðîñòðàíåíèå íà äðóãèå íåîäíîìåðíûå êîëåáàòåëüíûå
ñèñòåìû.
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