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Рассматривается проблема управления движением беспилотного летательного аппарата (БПЛА), 
несущего перевернутый маятник. Описана взаимосвязанная динамика беспилотного летательного 
аппарата и перевернутого маятника. Для решения, линеаризованной на основе виртуального 
моделирования системы математической задачи управления, применен новый: гибридный метод 
управления системой. Решена линеаризованная задача управления системой.  
Управляющие воздействия на систему, а также фазовые траектории движения составляющих системы 
приведены в виде графиков функций.  

 
Շահինյան Ա. Ս. 

Շրջված ճոճանակ կրող անօդաչու թռչող սարքի շարժման հիբրիդային ղեկավարում 

Հիմնաբառեր` դինամիկ համակարգեր, ղեկավարում, օպտիմալ ստաբիլացում, քառաթև ԱԹՍ, 
շրջված ճոճանակ, փուլային հետագծեր, վիրտուալ մոդելավորում: 
 
Դիտարկվում է շրջված ճոճանակ կրող, քառաթև անօդաչու թռչող սարքի շարժման ղեկավարման 
խնդիրը: Նկարագրված է անօդաչու թռչող սարքի և ճոճանակի փոխկապակցված դինամիկան: 
Շարժման ընդհանուր հավասարումների գծային մոտավորության համար կիրառված է համակարգի 
շարժման ղեկավարման նոր՝ հիբրիդային եղանակ: Լուծված է համակարգի ղեկավարման խնդիրը:  
Ստացված են ղեկավարող ազդեցությունները և շարժման ֆազային հետագծերը: Կառուցված են 
դրանց գրաֆիկները: 
 

The control problem of the movement of an unmanned aerial vehicle (UAV) carrying an inverted pendulum is 
considered. The interconnected dynamics of an unmanned aerial vehicle and an inverted pendulum are described.   
To solve the control mathematical linearized problem on the basis of virtual modeling of the system, a new one 
was applied: a hybrid method of the system control.  
The linearized system control problem is solved. The control actions on the system, as well as phase trajectories of 
the components of the system are given in the form of graphs of functions.  
 
1. Introduction  
Unmanned Aerial Vehicles (UAVs) are, in general, flying vehicles which do not require a 
person onboard to be controlled. UAVs can be also considered as flying robots. The history 
of UAVs starts from 1880s when those robots were used mainly in military purposes. One 
of the first ways people used UAVs was as high-altitude photographers. However, these 
extremely simple flying drones were not popular until the times of first world war. Several 
years after drones acquired popularity they were applied in military missions like 
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elimination of unexploded bombs, assessment damaged buildings in an area, exploration of 
enemy forces, etc. [1]. 
Decades later when science and technology developed side by side UAVs also became 
more advanced and they are capable of completing much more complex missions not only 
in military forces but also for civilians. Nowadays applications of UAVs include missions 
like mapping, pollution and land monitoring, powerline inspection, fire detection, 
agriculture, and among other applications. 
Among all UAVs, the quadrotors of most interest amongst scientists and researchers 
because of their structure simplicity, cheap price and extremely huge dynamic potential. A 
decent amount of papers are dedicated to dynamics and control of these kind of robots 
namely papers present control techniques like Proportional Differential (PD) control [2, 3], 
Proportional Integral Differential (PID) control [4, 5], control of position and orientation by 
vision [6], sliding mode control [1, 7], fuzzy logic [8, 9], and adaptive control in [10]. 
In [12] a UAV is considered with an inverted pendulum mounted on its body. The paper 
makes trajectory constraints on the UAV-Pendulum system and, hence derives a Linear 
Quadratic Regulator (LQR) controller to stabilize the system along the trajectory or the 
hover point. First, they make the system hover in a point and stabilize around that point and 
then they want the UAV to move around a point center in a circular trajectory 
In this paper dynamics of a UAV is considered alongside with an inverted pendulum 
mounted on the UAV. The dynamics of the pendulum is presented with respect to the UAV 
and then both models are combined into one using some rules and theorems of the 
Theoretical Mechanics. After linearizing the model, a novel hybrid method of control is 
applied to the system to solve the control problem. 
The hybrid model we applied is as follows. We first stabilize optimally the pendulum using 
the motion of the UAV as control inputs and then we use the optimal stabilizing control 
inputs to drive the UAV-Pendulum system to a desired position.  
The results we gained i.e. the control inputs and state trajectories are shown in form of 
graphs which were generated from virtual simulations. 
 
2. Modelling of the System 
To derive the pure theoretical dynamics of a UAV let us fix a coordinate system Oxyz . Let 
O  be the origin.  We will also need another coordinate system B B B BO x y z  fixed in the 
center of mass BO  of the UAV (fig. 1). The torques and forces generated by each of the 
propellers are shown in the Figure 1. The propellers are numbered 1 to 4 [13]. 

Let  Tx y z   
be the coordinates of 
the center of mass of 
the UAV with respect 
to the system Oxyz . 
As mentioned above, 
the center of the mass 
of the UAV coincides 
with the origin of the 
coordinate system 

B B B BO x y z . Let us 
describe the inclined position of the UAV about the point BO  using yaw, pitch and roll 

Figure 1.
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angles. Let   be the pitch angle,   be the roll angle and, finally, let   be the yaw angle. 
Then we will have two vectors describing the position of the UAV. Those are the 
following: 

   ,T Tx y z       (1) 

In the coordinate system the linear velocities BV  and the angular velocities v  are the 
following 

   ,
T T

B Bx By BzV V V V v p q r   (2) 
In this setup we will have the dynamics of the system as given below [13; 15]. 
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Where the following notations are used:  
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As for the mathematical model of the pendulum we will consider its dynamics in the 
coordinate system B B B BO x y z .  
So, the dynamics of the pendulum will be as shown below. [4] 
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Using the formula of center of mass of a system 
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where  1
Tr x y z   and  2

T

p p p pr r x y z  , we can find the coordinates of 
center of mass of our UAV-Pendulum system in the coordinate system Oxyz . Let 

1 2 1m m  , then we will have 
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To get the state space model of the UAV-Pendulum system we introduce the notations as 
shown below 
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We linearize the dynamics around the origin of the fixed coordinate system. So, we finally 
get. 
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where 1
Tu g
M

  , 2u  , 3u  , 4u  . 

Using Kalman’s rule one can check that the system (7) is fully controllable. So, now we are 
in a point where we can define the problem and we can go ahead to show the way we 
solved it. 
3. Problem Definition:   
Given the system (7), the initial position of the system   ,00 , 1,16i ix x i   and the final 

position  1 ,1, 1,16i ix t x i  , find control inputs , 1,4iu i   such that it drives the system 
from the given initial position to the given final. 
As one can notice this control problem is not an optimal control problem. 
Problem Solution. 
Our approach to the problem solution was the following. First, we ensure that the pendulum 
remains where it should be. We do this by applying optimal control input stabilizers inside 
the coordinate system B B B BO x y z . And after we know that the pendulum will remain 
inverted (will not drop) we proceed to the control problem. Let us now define a subproblem 
of optimal stabilization for the subsystem 
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13 14 14 5 13 15 16 16 6 15; ; ;
p p

g gx x x gu x x x x gu x
l l
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 (8) 

Note that here we use the notation  
 8 5 7 6;x u x u   (9) 
Now the subproblem will be the defined as follows. 
4. Problem Definition:  Given the system (8), the initial position of the system

  ,00 , 13,16i ix x i  , find control inputs  0 0 0
5 6

T
u u u  such that it drives the system 

from the given initial position to asymptotically stable position while minimizing the linear 
quadratic regulator 
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Solution:  Notice that the system (8) can be divided into two subsystems which are 

13 14 14 13 5;
p

gx x x x gu
l

   


 (8.1) 

15 16 16 15 6;
p

gx x x x gu
l

   


 (8.2) 

We will show the solution steps for one of the systems (say (8.1)) as both of them are 
solved absolutely identically. 
We choose to solve the optimal stabilization problem by using Lyapunov-Bellman method. 
In general, the method says that the optimal control input 0u has to satisfy the optimization 
equation as given below 

      min 0T T

u
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Where  
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(11) is Bellman’s expression for the linear time-invariant control systems. So, in our case 
for the system (8.1) we will have 
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By substituting (13) back into (12) we get the following. 
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Here  13 14,V V x x  is the Lyapunov function for the system (8.1) and we search for it in 
the form 
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Putting (15) into (14) we get a algebraic equation which have the form 
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From (16) the following system of equations will follow 
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Here the shown solutions are the ones which make  13 14,V V x x  positive definite. 
Finally, to get  0 0

5 5 13 14,u u x x  we put (17) into (15) and put what we get into (13). That 
gives us 
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To obtain  0 0
5 5u u t  we simply need to substitute (18) into (8.1) and integrate the system. 

We will get 
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Taking the exact same steps for the system (8.2) we will get  0 0
6 6u u t  which will be 

4 4

2 2

2

4 4 4 4

2 2

0

2 2

6

1 4 4 4
4

gl glt gl gl t gl gl
gl gl

l l

gl gl gl glt gl gl t gl gl t gl gl t gl gl
gl gl gl gl

l l l l

e e
l

gl gl

u

gle e e e
gl gl gl

    
        
   

          
                   
       

 
 

 


 
   

   

 






   (20) 

5. Back to Core Problem. 
Now, that we have the solution for the subproblem, we can proceed to our main problem. 
Recall that the control inputs in the sub problem which are  0 0

5 5u u t  and  0 0
6 6u u t  are 
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actually 7x  and 8x  in the system (7). In that case one can notice that two subsystems of (7) 
can be simply integrated. Those subsystems are the following. 

3
1 2 2 13 8 11 11 13; ; ;

2 p yy yy

ug gx x x x x x x x
l I I

     

     (7.1) 

2
3 4 4 15 7 10 10 15; ; ;

2 p xx xx

ug gx x x x x x x x
l I I

     

     (7.2) 

As we already have  7 7x x t  and  8 8x x t  we can simply derive  11 11x x t  from 

system (7.1) and  10 10x x t  from system (7.2). As for   , 1, 4i ix x t i  , we will obtain 

by integrating 2 132 p

gx x
l

  and 4 152 p

gx x
l

  under the consideration of desired edge 

conditions. As a result, we will have the desired state trajectories of the UAV and the 
control inputs  2 2u u t  and  3 3u u t  which will drive the system through the desired 
trajectories. Of course, those control inputs are not optimal because of the absence of 
constraint. 
The remaining two subsystems of (7) which are 
 5 6 6 1;x x x u    (7.3) 

4
9 12 12;

zz

ux x x
I


 


   (7.4) 

in this paper are not discussed. The reason is that these are independent of the dynamics of 
the pendulum in the linearized model of the system we have.  
Another reason is that (7.3) and (7.4) are of no interest because of the simplicity of their 
solutions. 
 
6. Simulating the Results. 
We have chosen to check the theoretical result of this paper by simulating the motion of the 
UAV and recording state trajectories in form of graphs with time being the independent 
variable. For the simulation purposes the following values have been chosen for the 
parameters 

2 29.81 ,        1 ,        0.4856p xx yyg m s l m I I Kg m     (21) 
Finally, we are ready to present the graphs describing the motion of the quadcopter (shown 
below). 
In the Figures 2÷5 the phase trajectories of quadrotor are shown, and in the Figure 10 and 
Figure 11 the phase trajectories of inverted pendulum are shown.  
From the figures it follows that in this problem of controlling the movement of the system a 
quadrotor-inverted pendulum, the coordinates of the center of gravity of the quadrotor and 
the coordinates of the inverted pendulum increase (Figure 2 and Figure 4, Figure 10 and 
Figure 11) and the phase velocities of the center of gravity of the quadrotor are stabilized 
(Figure 3 and Figure 5). 
In the Figure 6 and Figure 7 the control inputs  2u t  and  3u t  are given, that bring the 
system from a given initial position to a given final position. In the Figure 8 and Figure 9 
the control inputs  0

5u t  and  0
6u t  are given, that bring the system from a given initial 
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position to an asymptotically stable position while minimizing the linear quadratic 
controller. 

  
Figure 2. The trajectory of  1x t  

 
Figure 3. The trajectory of  2x t  

 

 

Figure 4. The trajectory of  3x t  Figure 5. The trajectory of  4x t  

 
 

 
Figure 6. The graph of  2u t Figure 7. The graph of  3u t  

 

 
Figure 8. The graph of  0

5u t  Figure 9. The graph of  0
6u t  
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Figure 10. Trajectory of pendulum along x -axis 
on the coordinate system Oxyz  

 
Figure 11. Trajectory of pendulum along y -axis 

on the coordinate system Oxyz  

 
Obviously, the control inputs control inputs  2u t ,  3u t  and  0

5u t , quickly converge to 
zero. The control input  0

6u t  also quickly converges to zero, but after impulsive increase.  
Figure 12 and Figure 13 show that how different the real trajectory of the UAV and optimal 
trajectory of a Pendulum-Free UAV in 3D space. 
 

 
 
Figure 12. The real Trajectory of the UAV in 3D 
Space 

 
Figure 13.  The optimal trajectory of a Pendulum-

Free UAV in 3D space 
 
To compare this result with the case when there is no pendulum mounted on top of the 
UAV we will present the optimal trajectory of a free-of-pendulum UAV which is driven 
from the same initial point to the same final position. 
Conclusion 
The dynamics of the pendulum is presented with respect to the UAV and then both models 
are combined into one. The model is then linearized and the control problem is solved using 
proposed hybrid method, which means, we first stabilized optimally the pendulum using the 
motion of the UAV as control inputs and then we used the optimal stabilizing control inputs 
to drive the UAV-Pendulum system to a desired position. The results we gained are shown 
in form of graphs which were generated from virtual simulations. 
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