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Axonsu B.H., lanrross JI.JI., Mypamkwus E.B.
OcecuMMeTprYHOE HANPSIKEHHOE COCTOAHNE PABHOMEPHO C/IOMCTOTO IPOCTPAHCTBA, COAEPIKaIneH
IepHOAMIECKYI0 CHCTEMY BHYTPEHHHX AUCKOOGPA3HEIX TPEIUH
KiaioueBble CjI0oBa: paspbiBHbIE PpelIeHUs], NEPUOAMYECKAs] CHCTEMAa TPEeIIdH, OCeCHMMETPHYHOEe
HANPSKEHHOE COCTOSIHME.

B cratbe paccMaTpuUBaeTCS OCECHUMMETPUYHOE HANpPSUKEHHOE COCTOSHME —KyCOYHO-OZHOPOAHOTO,
PaBHOMEPHO CJIOMCTOTO IIPOCTPAHCTBA, 06PasOBAHHOIO YepelyIOLUMCs COeSUHEHNUEM [BYX HEOLHOPOLHBIX
CJI0EB OAMHAKOBOM TOJIWHBI, KOTOPBIE COZEPXAT MEPHOLUYIECKHMEe CHCTEMbl KPYIJIBIX JUCKOOGPasHBIX
HapaJUleIbHbIX TPEIUH B CPeAUHHBIX IUIOCKOCTX. [ToydeHa cucTeMa onpefelsiolinX YpaBHEHUN 3a1a4u B
BUJie CHCTEMBl MHTEIPajbHBIX ypaBHeHuil tuma Ppezronbma, pelieHue KOTOPOH —IOCTPOEHO METOZOM
MeXaHHYeCKUX KBagparyp. I[IpoBefi€H YHMC/IEHHBIH AaHAIM3 W BBIABIEHBl 3aKOHOMEDHOCTH H3MEHEHUT
K03(hPUINEHTOB MHTEHCHBHOCTY Pa3pylIAION[MX HANPSKEHHH M PACKPBITHA TPEI[UH B 3aBUCHMOCTH OT
(bUBMKO-MEXaHUYECKUX U TEOMETPUIECKHUX XaPAKTEPUCTHK 3aa4H.

2ulynpjuls 9.'L., Fwonnyuit L.L., Unipuoypt G.4.
Cpowtuwdh ukppht Lmpkph hwdwljwpg wupnibwlnn hujuwuwpwswh skpunudnp nwpwudnipjuh
wnwhgpuwhwdwyuh jupjubughit h&wlp
Zhdtwpunkp:  huqynn  ymdmdubp, Lwpkph wwpphpuljwit  budwljupg, wrwigpwhwdwgwh
upjubuyhti Jhdwly:

Uphnunuipnid nhinwpljqws £ hujwuwp hwunnpniiubp niikgnn kplint wmthwdwube okpintph
hwgnpnuljut  dhwgnulhg uwnwgqus lJwnp we funp hwdwubkn, shpudnp  wwpusnipjul
wnwigpwhwiwswih jupduswght Jhdwlyp, kpp oipntph dhoht hwppnipjut ke wnljw ku qniquhtn,
opowlwdl fwpkph wwpphpwlwt hwdwlupgbp: Unwgdl) ' juunph npnohs hwjwuwpnidubpp
Sptnhnjuh whyh tpyne htnkqpu) hwduwuwpmdubph hwdwlwpgh wkupny, nph (nwsnudp jurnigqus
Edkwuhjuljub punuljniuugdwt putwdbbph dkpnnny: Nrunidbwuhpdws B puypuynn jupnidubph
htunbkbupymput gnpswihgubph U gwpbph pugwéspubph thnnfudwb  ophtwswthn pynibubpp’
Yuifugus $hahlyulhrubhlulut b bphpusuhulut pimpwgphstbphg

This paper considers the axisymmetric stress state of piecewise homogeneous, uniformly layered space formed
by alternate junction of two heterogeneous layers with same thickness, which contains the periodical systems of
circle disk-shaped parallel cracks in median plane. The governing system of integral equations for problem is
obtained using the Hankel integral transformation. Using rotation operators the governing system of equations is
reduced to the system of Fredholm integral equation of second kind. The system is solved by the method of
mechanical quadratures. The numerical analysis is carried out and the regulations for changing of intensity factors
of fracture stresses and opening of crack depending on physical and mechanical and geometrical characteristics of
problem are revealed.

Introduction
Few research studies are dedicated to the analysis of the axisymmetric stress state of an
elastic piecewise-homogeneous, uniformly layered space of two heterogeneous layers with
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interphase disc-shaped defects. Among them, the work [1], where the discontinuous solutions
of the equations of the axisymmetric theory of elasticity are constructed for a piecewise
homogeneous, uniformly layered space obtained by alternately junction of two
heterogeneous layers of the same thickness, which contain a periodic system of circular disc-
shaped parallel interphase defects is noteworthy. The solutions of two certain problems when
the defect is an absolutely rigid disk-shaped inclusion and when the defect is a disk-shaped
crack are obtained. Also, a complete review of the papers directly related to this article is
presented here. We also cite papers [2—4], where many of the main results on axisymmetric
contact and mixed boundary value problems of the theory of elasticity are demonstrated. As
regards the axial symmetric stress state of a piecewise-homogeneous, layered space with a
periodic system of circular disk-shaped parallel internal defects, which is interesting and
relevant both from scientific and practical points of view, there are no available studies
conducted to our best knowledge.

1. The statement of problem and discontinuous solutions
In a cylindrical coordinate system OF (pZ, we consider the axisymmetric stress state of a

piecewise-homogeneous elastic space, obtained by alternately sequenced junction of two
heterogeneous layers of thickness 2N with Lame coefficients AL, and A,,L,,
respectively, when on the median planes of heterogeneous layers Z = (2n + l) h (n € Z)
the space is relaxed by two systems of periodic circular disk-shaped, parallel cracks with radii
a, (] = 1,2). We assume that the space is deformed under the influence of the same
axisymmetric normal loads F’l (I’) ( =1 2) acting respectively on the banks of cracks in

heterogeneous layers. Problem is to determine the patterns of change of the opening of crack
and the intensity factors of fracture stress at the circles I = a, depending both on the

physical and mechanical as well as geometric characteristics of the heterogeneous layers. It
is obvious, with such a formulation of the problem, all the middle planes

zZ= (2n + 1) h (n € Z) of heterogeneous layers are planes of symmetry, which allows us
to separate the base cell as a two-component layer occupying a region
Q{|Z| <h;0<r<ow;0<p< 21‘:} in space and state the problem as a boundary value
problem for this layer. Fig.1 shows the axial section of the base cell.
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Using indices 1 and 2 for all the parameters describing the stress state of the
heterogeneous layers of the base cell, respectively, we write the problem as the following
boundary value:

W(r,(-1)" =0 (0<r<w)

u(z”(r,(—l)j+1 h):o (aj<r<w) (j=12) (1.1a)

u(r,0)=u?(r,0) (0<r<w)

u(r,0)=u®(r,0) (o<r

0(r0) = (1.0) (051 <v) .
o) (r,0)=c(r,0) (0<r <)

W (r,0)=12(r,0) (0<r<w)

Here Ufj) (I’, Z) and U(j) (r, Z) ( j =1, 2) are respectively the radial and vertical

z

displacements of the points of the layers, and G(Zj ) (I’, Z) and ’CE? (r R Z) are the normal and

radial stresses acting in the corresponding layers. To construct a solution to the boundary
value problem (1.1), we represent the solutions of the Lame equations in the form of Hankel
integrals [1]:

ui(r, z):T [(AJ (s)+2B;(s))ch(zs)+(B, (s)+zA}‘(s))sh(zs)}s]1(rs)ds;

0

o (1.2)
ul(r, z):_([ [(Cj (s)-zA/(s))ch(zs)+(D, (s)—zB]’(s))sh(zs)]sJO(rs)ds,
A (5)=—-(A(9)+D;(5)): B;(s)=—-(B,(5)+C,(5)) (i=12).

j j
J; (X) ( j= 0,1)— the Bessel functions of the real argument, A (S), B; (S),Cj (S),
D i (S) are the unknown coefficients to be determined, and &, (j = 1,2) the known

constants of Muskhelishvili. To solve the boundary value problem (1.1), we introduce into
consideration the unknown functions of the displacements of the crack edges.

uz(r,(—l)"+1 h)z%wj(r) (0<r<a), (1.3)

and solve an auxiliary boundary-value problem consisting of conditions (1.1), in which the
last conditions (1.1a) are replaced by conditions (1.3). Then, using Hooke's law and
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representations (1.2), we determine the stress components, satisfy the conditions of the
auxiliary boundary value problem, and determine the wunknown coefficients

A (S), B; (S),Cj (S), D, (S) through Hankel trasponants of the functions of the

displacements of the crack edges. The following is obtained

. [Hzmlg(zl) 1 (K _Hz)BthB] _ H,sW,(s)
As)=- 20,90, (B)chp (s)- 24, (B)chp’
v LLISV_VI(S) _|:u12628(22)+H1(”1_H2)Bthl3]s_ )
AZ(S)_ 2A2 (B)ChB 2&23(2) (B)ChB WZ(S)’
& 8 &, 8
A9 ()L ) = |

coreior =

5 (5) -~ (5) - T a*(s)=&*(s)thﬁ+%;

. N X %
Bj(s):—Cj(s)+?JBj (s); Dj(s):—Aj(s)+?’Aj(s);
Here we use the notation:

A, (B)=2x;9A" (B); A% (B)=thB+(-1) (1, —u,)E (B);
Ej(B)=2;(zj)|:thB— Bz }; VVJ(S,Z)zfrwj(r)Jo(g)dr;

&;ch’p 0
_ 2 . A+ 20
9l = M ;3(21):“1( i “1); (B:hs; j:1,2),
A +3u, A +3u,

Further, using the obtained values of the coefficients, we determine the normal stresses
acting on the cracks through the unknown dislocation functions W; (I’) ( j= 1,2) . The

following is found:

cf(”(r,(—l)j” h)==-8,L [w, |- L5 w ]+ L7 [w] (i=1.2), (4

z

L& [w, jwm r,&)ew, (&)dg; Wnﬁ,kn)(r,&):Tthm(tr)Jn(ti)dt

0
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ku (r. a):T (th)t"Jm(tr)Jn (t&)dt;

m,n

el jsK (sh)W, (s)J, (sr)ds= jWk" r,&)&w; (&)dg;

p,thh[_’)[(ul(ae1 +1)+%1u2)sh B+ (e, +1)(1, +u2)/2]
m (2, +1) A (B)A; (B)ch® (B)

Q. (B) By B
i, +1)4; (B)AL (B)eh’ (B) 9(2)[ e 1}
N 2[3th[3[(u1 +2{31],L2)sh2[3+u2 (aa1 +1)/2J o

(2, +1)" &, (B)eh’ (B) 2(1=v)
ulthB[ & 1,sh’B+ (2, +1)(y, +u2)/2J—QL2 (B) ~
m (22, +1)A[ (B) A, (B)ch® (B)
 uphp
(2, +1)A; (B)ch® (B)”
Hzthﬁ[aezulshZB"F(Z% +1) (1w, +“2)/2]+Q2,1 (B)
D TN (T N (R
Y
(&, +1)A; (B)ch* (B)”
uzthB[(uz(aez+1)+a32p1)sh2[3+(ae2+1)(u1+u2)/2J
1, (2, +1) A (B)A; (B)ch® (B)

Q. (B) K, BB
T A e
_2Bth5[(u2+ae2ul)sh B+u, (z, +1)/2] W,
(e A Ee () 20

Q. (B)=-mmE {(ul v, )sh?p+ (3321 +1)}u13(&,2+1)E1 N

+1; (&, +1)sh’B[ E, —E, —(n, — 1, ) E,Eycth |;

Kis (B) -

K, (B) -

Kz,z (B) ==
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2 2

— K, (aal +1)Sh2B[E2 = _(PH —1,) E|E2CthB];
Q. (B)=-mm,E {(Hz +ae,p,)shp o+ (&22 H)} = (&22”) =
_HM; (332 +1)ShZB[E2 -E _(H1 _“2) E1E2Cthl3];

Q. (B)=mm,E |:(M2 +,11,)sh?B + Hy (3322 +1)}r u; (&, +1)E,

Q. (B) =B, |:(“1 +&1H2)Sh2B+ a (Eel +1)}+ M? (Eel +1) E

+

2

3 2 = _ . o Hi
+M2(332+1)Sh B[Ez E (M1 Hz)E1E20thB]a L‘gj 2(1—\’]-)}.

Note that kernels Wr&kn' 1) ( r, F;) are regular functions of both arguments. Now we satisfy

the last two conditions (1.1a). As a result, to determine the displacements of the points of the
edges of cracks, we obtam the following governing system of integral equations:

2 (2.3.1) (2,j.2 .
—9 L0 [wy |- L5 [w ]+ L [wy = =P (r) (0<r<a, j=12), .5
which should be cons1dered takmg into account the conditions of continuity of displacements

on circles I = aj

w,(a,)=0 (j=12) (1.6)
2. The solution of the governing system of integral equations
To solve the system of 1ntegra1 equations (1.5), using the rotation operator

[ol-[

we reduce it to a system of Fredholm integral equations of the second kind. In this order, as
in [2], we introduce functions

I 1_12) @.1)
continue them on the interval (—aj R 0) as an even function and, taking into account the
relations,

2% Frw, (r)dr %
W (s)=— ———|cos(ts)dt = |V, (t)cos(ts)dt;
’”n![fm ()3t = [V, (t)cos(t)

g

L[ w, | = Ivj (t)dt[s’J, (sr)cos(ts)ds = —jvj’(t)dtIsJO(sr)sin(ts)ds;

0 0



L) IV dtJ. K, (s)sJ,(sr)sin(ts)ds,
0
rewr1te the system (l 5) in the following form:

SJ. (t.,r)v dt+ZIRJ,tr dt =P, (r);

i (2.2)
@«<%j=uy

R(r,t)=

S sy 8

sJ,(sr)sinstds; R (r,t 'HJ.K sr)sin stds.

From representation (2.1) it appears that Vj ( i ) =0 . In this case, the conditions (1.6) are

satisfied automatically, since using the inverse operators of rotation operators [ 1-3], functions
can be written in the following form

49 d - J'

r dr Jg
Further, we apply the operator I to both parts of equations (2.2). After calculations, using
the values of known integrals

(rt)rdr Sm(Xt); Tsin(st)sin(sx)ds=g[5(t_X)_S(t+x)l’

IW—r t 0

where 5( ) is the well-known Dirac function, we come to the following system of integral

(i=12) (2.3)

equations of the second kind of Fredholm type:

Zj R, (LX)V/(t)dt=f, (x) (j=12); 24)

'1—a

R (t,x) :QJ. K,;(s)sin(ts)sin(xs)ds. (i, j=1,2)

With the help of the replacements of variables t = &;§, X=a;n ( j=1, 2) , we formulate

the obtained equations on the interval (-1,1) and denote @, (T]) :Vj’(ajn) / a; we come

to the system
2 1

n)+iZjQ}'} (&m)o (&)de=1f(n) (-1<n<l, j=12), 2.5)

=1 —1
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Qil(i,n)ﬂﬂ*, ('ilm) sz(‘i T])—I Rz (zi,lm);
Qiz(@n)%%(lzé,lm); Q;“,l(ém)fR;“,l(hé,lm);
fr(n)=-1|P(ag)]/a; (1,=3/h j=12).

Thus, the solution of the problem was reduced to solving a system of integral equations
of the second kind of Fredholm type (2.5), the solution of which can be constructed by the
method of successive approximations. It is obvious that the solutions of this system functions

?; (X) (j = 1,2) are bounded on circles I' =@, , respectively. We will also write
formulas with the help of which, after determining the functions @; (n) , it is possible to

find the crack opening and the intensity factors of fracture stresses on the circles I = a;.To

determine the crack opening, we use formulas (2.3), from where we get the formulas for
dimensionless crack openings:

. wi(am) o
W, (H)ZT=—I—%0@

To determine the intensity factors of fracture stresses Kl(')(aj) on the circles

2.6)

r=aq ( j=1, 2) the formulas (1.7) with (I’ > a) are represented in the form:

cs(zj)(ra(‘l)j+1 h)szIR(t,r) +ZZ:

i=1

R, (t.r)V/(t)dt (2.7)

S ey

Further, using known formulas [5]

0 t>r
1d K .
s]o(rs)zFa(rJl(rs)); J)'Jl(sr)smtsds: % 21 = e :
r' —
(2.7) we write in the following form
| j+ 9, d Ftv/(H)dt %
(i) _ j+l N [ _
O, (I‘,( 1) h) r dl‘ o AJr?—t2 +.Z'(|).Rj’i (t’r)vi(t)dt_ (2.8)
__SJ'VJ'(ai)_’_F
r’-a’
2 4 Vi 9 g4 [ ’(t)—Vj'(aj)]dt '
IZ_;}[R )dt+T]EO —— +81Vj(aj)/r,

bounded functions respectively on circles I' = aj ( j = 1, 2) . From (2.8) we find
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(i) — 1 _ (i) R AYALE™ N ' —
K" ()= lim \2(r-a)d, (r( 1) h)_ 8V (a)/fa =
=—/a%,¢,(1) (i=12).
Consequently, the dimensionless intensity factors of fracture stresses on circles
r=a, (j = 1,2) can be determined by the formulas:

| N o,(1)
K’ (a)=K"(a )/ Jau = 2L L 2.9

@)=k (a)/Jau, (M1]2(1—VJ) 2.9)
3. Numerical analysis

Using the method of mechanical quadrature, the numerical analysis is carried out and the

%
regulations of change of dimensionless intensity coefficients of fracture stresses K| j (aj )
and dimensionless crack opening VVJ* (X) =W, (aj X)/ a, depending on the parameter

l; =a; /h change in the case where a=a=3al=I1,=I, Pj(r):F{]:const,

P =R /p=0LP =R/p=02v=025 v,=03 (j=12). At the
same time, the right parts of system (2.5) have the following form:
4 (1 -V, )
* _ ] 3k - _
£ (n)=———2F (j-12)
The results of numerical calculations are shown in Table 1 and in Fig. 2a and 2b. Table 1
shows the values of the dimensionless intensity factors KI*, i (a) ( j=1, 2) depending on

the parameter | =@/ N . The calculations show that with a decrease of | , which can be

interpreted as an increase in the height N of the layers, with a constant @, the intensity
factors increase, tending to a certain limit, corresponding to the case of a homogeneous
space, made respectively of the first and second materials with one disk-shaped crack.

Figures 2a and 2b show the graphs of crack opening depending on the parameter | .

Table 1. Intensity Factors depending on |

| 0.1 0.2 0.5 1 2 10

Kl*l(a) 0.06662 | 0.06649 | 0.06543 | 0.06197 | 0.05459 | 0.03327

s

K’ (a) 0.07138 | 0.07121 | 0.06981 | 0.06566 | 0.05833 | 0.03832
1,2

It can be seen from Figures that when | is decreasing, i.e. when removing cracks, the
openings of crack also increases, tending to a certain limit, corresponding to the opening of
one disk-shaped crack in a homogeneous space, made respectively of the material of the first
and second layers.
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Fig. 2a. The first crack openings Fig. 2b. The second crack openings

Table 2 and Fig. 3a and 3b show the values of the dimensionless intensity factors
* . . * .
KI, j (a) (j :1,2) and the graphs of crack openings Wj (X) as a function of the

parameter [l = WL, / [, in the case when | =2, v, =0,4, v, =0,25 Pl* =0.1.

Table 2. Intensity factors depending on [L
1) 1 2 5 10 50 100

* 0.0707 0.0662 0.0608 0.0578 0.0544 0.0538
Kii(a)

K’ (a) 0.0377 0.0349 0.0311 0.0289 0.0261 0.0257
1,2

B

The Tables show that in the this case, with an increase of |1, which can be interpreted as

an increase of LL,, with a constant L, as the intensity factors of the fracture stress on the

bounding circles of both cracks, and the opening of crack decrease.

w

=10
K 4
10 -o0s 05 10 -10  -05 05 1.0
Fig. 3a. The first crack opening Fig. 3b. The second crack opening
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CONCLUSION

Thus, a governing system of integral equations for a piecewise homogeneous, uniformly
layered space with periodic systems of circular disk-shaped parallel internal cracks is
obtained. The solution of system is constructed by the numerical-analytical method of
mechanical quadratures. By numerical analysis, it is shown that the mutual influence of
cracks increases when they approach each other. In the case of the removal of cracks from
each other, they work as separate, single disk-shaped cracks in homogeneous spaces, made
respectively of the material of the first and second layers. It is also shown that with an
increase of the rigidity of one of the layers, when the rigidity of the other layer does not
change, it leads to a decrease in both the intensity factors of the fracture stresses on the
bounding circles of both cracks and their opening.

The study was carried out with the financial support of the Committee on Science and
Education of the Ministry of Education and Science of the Republic of Armenia and
the Russian Foundation for Basic Research (RFBR) within the framework of the joint
research project SCS 18RF061 and RFBR 18-51-05012.
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