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Putiuh punkp. wnwdquijut Jhuwnmwpwdnipnil, dwlbpimpuwghtt wjhpubp, wnwdquijuinpku
Jupuinjus kqp
Capkucsn C.B.

TpéxmepHast 3a1a4a 0 pacHpOCTPAHEHUHU BOJIH B MOJIYNPOCTPAHCTBE € YIIPYIro-CTeCHEHHOI rpaHuIeii
B pabore mony4eHBl AWCIEPCHOHHBIC ypaBHEHHS] TPEXMEPHON 3aJa4d O PpacIpOCTPaHEHWH BOJH B
HOJIyNIPOCTPAHCTBE C  YNPYro-CTeCHEHHOW rpanuieil. MccienoBaHue 3ajaud  ympoliaeTcss BBEICHHEM
MOTEHUMANBHBIX (yHKImil. Iloka3aHo, 9YTO MHpHM IUIOCKOH  aedopMmaiuu ynpyroe CTECHEHHE TIDaHHIbI
HOJIyNIPOCTPAHCTBA  MPHUBOAUT K YMEHBUICHHIO CTENCHH JIOKAIH3AlMM MOBEPXHOCTHON BONHBL. TpéxmepHas
MOBEPXHOCTHAs] BOJHA  CYLIECTBYET JHIIb JUISL [ABYX BHIOB TPAHUYHBIX YCIOBHi, KOIrZa IIOBEPXHOCTbH
HOJIYIIPOCTPAHCTBA CBOOOZHA OT HANpPSDKEHUH M CTECHEHHas cBOOOJHAs MOBEPXHOCTh. B ciyuae crecHEHHOI
cBOOO/IHOI MOBEPXHOCTH TPEXMEPHAst TOBEPXHOCTHAS BOJIHA 00J1a/1aeT CBOMCTBOM [IMCIEPCHH.

Uwnpquyui U.9.
Gowyunh npuspny wowdquljuinplt juoiwinjusd kqpny Jhummnwpwsdni piniinid whpukph

nwpusdwb juunhpp
Grwgunh npjuspny wnunbughwy $niuljghwubph thpdnmisdwdp nhunwplyws b wpwdquijuinpki

Qupuip]ws tqpny Yhuwnwpusnipyniind dwlplinipught wihpibph gnympjut hupgp: Unugqus
kU dwlEplunipuyhtt wphputiph thnoyuyhtt wpugnipiut tfundwdp puntpugnhy hwjuwuwpnidubp: 8nyg
E upjws, np hwpe nhdnpuughugh ghypmu tqpuyhtt wupdwip pipnud £ dwljipinipuyghtt wihph
nbnujiugdut wunhduuh tjuqluip: Gpwywth dwljbplinipughtt whpubpp gnynipnit niikt vhwyu
Epynt pypnud’ Jhuwnwpwénipjub kqpp wqun b jupnudubphg jud juojuindus wqun kqpny
Jhuwwnwpwénipni: Yuwouunqus btqpny Yhuwwnwpwsdnipniund  towswth  dwlbplnipuyght
wyhpubtpp odnjwé ku nhuwbpuhuyng:

In this paper we obtain the dispersion equation of three-dimensional wave propagation problem in half-space
with an elastic- restrained border. Research of the problem is simplified by the introduction of potential functions.

It is shown that by plane strain the elastic half-space constraint of boundary leads to decreasing of the surface wave
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localization degree. Three-dimensional surface wave exists only for two kinds of boundary conditions, when the
surface of half-space is free from the stresses and the free surface is restrained. In the case of constrained free surface

the three-dimensional surface wave has a dispersion property.

Introduction. Surface waves propagation study represents a separate research in science.
In the study of surface waves the plane and antiplane deformation was generally considered.
For the first time the existence of surface waves was indicated by Rayleigh [1], where he
examined the plane problem for half-space with stress free from the boundary. Solution of
the three-dimensional problem was obtained by Knowles [2], who generalized the Rayleigh
problem. These results are mentioned in monograph [3]. Another option of space problem
was investigated in [4]. In work [5] the three-dimensional problems for elastic space waves
propagation in isotropic half-space with two options of half-space boundary conditions was
researched: free boundary and when we have one shear displacement at the border of half-
space, one of the tangential stress and normal stress is equal to zero. In monograph [6] the
summary of elastic waves propagation space problems is given. Study of three-dimensional
surface waves for various types of mixed boundary conditions on the surface of the half-
space is given in work [7]. It is shown that dispersion equation has a root for two types of
boundary conditions: free surface and the surface, where displacements in one tangential
direction are forbidden.

Unlike the classical Rayleigh’ problem, M.V. Belubekyan [8] considers two types of
complex boundary conditions instead of free surface boundary conditions for an isotropic
elastic half-space. It is assumed that either normal stress is constricted in the perpendicular
direction to the surface normal and shear is equal to zero, or the normal stress is equal to zero
and tangent is restrainedly.The conditions are set, at which the surface wave cannot exists.
The problem of periodic waves propagation in an elastic layer when in the layer boundaries
the normal and shear stresses restrained were investigated in works [9,10]. Here the influence
of restraint factor to the phase velocity of the symmetric and asymmetric vibration layer is
shown.

As aresult of the integral Radon’ transformation [11] the space problems of the dynamic
theory of elasticity are reduced to the plane problem regarding the Radon’ transformation
images. In the work [12] the introduction problem of dynamic potential for solving three-
dimensional problems of the dynamic theory of elasticity is investigated, in which the

antiplane displacementis not used (for example, in the problem of the dynamics of the surface
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of an elastic half-space, where the contribution of the surface wave is dominant). Applying
the Radon’ transformation, the solution of three-dimensional elasticity problem is comes to
solving the corresponding plane problem. Development of asymptotic models of Rayleigh’
surface waves, Stoneley’ and Scholte-Gogoladze’ interface waves were studied in work [13].
In work [14] the wave propagation problem in an elastic half-space is studied, when the half-
restrained free edge conditions on the half-space boundary are given. Using the Radon’
integral transformation, a dispersion equation for determining the velocity of surface wave
propagation is obtained and the numerical experiment for the different physical and
mechanical parameters characterizing the media is made.

In this paper we obtain the dispersion equation of three-dimensional wave propagation
problem in half-space with an elastic- restrained border. Research of the problem is simplified
by the introduction of potential functions like plane strain problems [3,5]. It is shown that by
plane strain the elastic half-space constraint of boundary leads to decreasing of the surface
wave localization degree. Three-dimensional surface wave exists only for two kinds of
boundary conditions, when the surface of half-space is free from the stresses and the free
surface is restrained. In the case of constrained free surface the three-dimensional surface
wave has a dispersion property. By mixed boundary conditions at the surface, the propagation
angle affects the phase velocity to the three-dimensional surface wave.

Statement of the Problem. Consider the harmonic vibrations of an isotropic elastic half-
space —0 < X< 0, —00<Z<ow, 0<LYy<oo. Vibrations described by three-
dimensional motion equations [3]:

(L + ) grad divd + pAd = pl (1)
where U - displacement vector, A, L — Lame’ parameter, p — density.

Suppose that the following boundary conditions are given [8] on the boundary of the
half-space Y =0:

o, =aU, o,=Byv, o,=y7.w(o,,p,,v,>0) @)
These conditions were proposed by Mindlin [16] for study the elastic wave reflections
problem from the boundary of the half-space. In work [8] the conditions for the existence of

Rayleigh waves in the case of elastic- restrained boundary (plane strain) were researched by

M. Belubekyan. Periodic waves propagation in elastic layer is studied in works [9,10].
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In particular case by o, =f3, =Y, =0 we get conditions of free boundary.

To solve the problem of surface waves propagation, the potential functions ¢ ( XY, Z t)

and ( X, Y, Z,t) [5] are introduced like in problems of plane strain:
op 0 op 0O
g0 v, o, 0y
OX 0z 0z OX. 3
By means of (1) and (3) with taking into accounts damping conditions

IimU=0,lime=0,limy=0
00 y%OC

y—© y—>
the displacements U, v, W are determined in the form [5]:
Ak cosye " +

u(x,y,zt)=-i
(xy.2t) +(BkcosyJers,iny)e’”zky

expi (ot — xkcosy — Zksiny),

V(X Y, zt)= —k[A\)le_“lky + Buflze_‘)zky]expi (ot—xkcosy—zZksiny), ()

Ak sinye™" +

W(XY,zt)=-I expi (ot —xkcosy—zZKsiny),

( y ) +(Bksiny—Ckcosy)e’Uzky p( ! Y)
¢ o

where K— wave number, v; =1-0m, vi=1-n, 9=?<1, n:kz_Ct2<1

— dimensionless phase velocity of the three-dimensional surface wave, Y — sharp angle of

wave propagation in plane 0XZ, A Band C — arbitrary constants.

Applying Hooke's law the boundary conditions (2) by y=0 comes to the form:

v=0 (%)
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Dispersion equations and numerical results. Satisfying solution (4) to the boundary

conditions (5) we get the dispersion equation:

4v1v2—(2—n)2+v2 [n(a0+ﬁov v, )+a0B0 vl)}t

+Y, [4vl +n(oc0 +[30vlv;1)+oc0[30(v ) (2- n)2 21}+
+tg2y[4v1v2 —(2—1]) +v2n(y0 +B,V,V; )+v2y0B0 (v2 )
+a, (4\/1 -(2- n)2 vy M (Yo +B,Vv, Vs ) +Y,B, (v;1 -V, )) =0,

B. Y.
Mk > YO l_,[k

From equation (6) is follows that three-dimensional surface wave possesses dispersion

(6)

(x‘*
where oL, =—=, B, =

uk

feature. For given equation let’s consider the following particular cases.

Dispersion equation (6) in case of plane strain comes to the following (y =Y = 0)

(2-n)" -4,/(1-1)(1-n0) —ayn1-1n —Bmy/1-10 -
0,8, (1-(1-m)(1-n0) | = 0.

Equation (7) by o, = [30 = 0 is coincides with Rayleigh’ classical equation. Compared with

(7)

the Rayleigh’s equation, the equation (7) is dispersion, since solution depends on Q.,, Bo .

Dispersion equation (7) by oL, = 0 either Bo = ( has been received in work [8], where the

conditions of existence of surface waves were set, depending on the coefficient characterizing

the elastic restraint and the wave length.

Equation (7) has a root 1 = 0, to which the trivial solution is corresponds. Following
to work [15], eliminating root1 = 0, the equation (7) comes to the following:

(-0}

D(n)zn_\/l—n+\/l—en(4_%B°)_ )

—0,/1=N—Boy/1-0n -0 B, =0

Function D(1) takes the following values:
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b)

D(0)=-0.5(1-0)(4—0a,B,)— 0ty =By — 0 Bys

D(1)=1-B,v1-0 —a,B,.

Equation (8) will have solution in the interval € (0,1),if D(0)<0, D(1)>0

and this solution will be unique if — > 0. Choosing values 0, and [3,, which satisfy to

n

the given conditions, we can get the values for surface wave phase velocity depending on the
degree of restraint surface of the half-space.

In table 1 the numerical results are given, which calculated by equation (8) for n
parameter, characterizing the square of phase velocity of space wave depending on
parameters, characterizing degree of restraint surface of the half-space by 6 = 0.33. The
table shows that the restraint boundaries either at the direction of the normal or tangential
direction leads to an increase in the dimensionless phase velocity of the surface wave. By the
oppression of the border at the same time in both directions of the surface wave phase velocity
at first increases, reaching a maximum value, then decreases. Thus, the boundary elastic half-
space constraint reduces the degree of surface wave of localization (slow decay of the
amplitude).

Dispersion equation (6) for three-dimensional problem in case of free boundary

(o, =B, =7, = 0) comes to the following:

(1+tgy)((2-n) ~4,J(1-) (1-n0) ) =0 ©)

By different mixed boundary conditions [7] we get corresponding equations from
dispersion equation (6):

displacement is prohibited in tangent direction

o, =00,=0u=0

(2—1])2—4‘/(1—11)(1—119)—n(l—n)ctg2y=0 (10)

displacement is prohibited in one of tangent directions

o, =0, 6, =0, w=0, (2—11)2—4 (1-1)(1-1n8)—n(1-n)tg*y=0 (11)
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Table 1

o, B, n
0 0 0.8464
0 0.2 0.9005
0 0.4 0.9405
0 0.6 0.9686
0 0.8 0.9867
0 1 0.9966
0.2 0 0.8712
0.4 0 0.8903
0.6 0 0.9052
0.8 0 0.9172
1 0 0.9269
0.2 0.2 0.9045
0.4 0.4 0.9238
0.6 0.6 0.9216
0.8 0.8 0.9001
1 1 0.8540
¢) displacement is prohibited in both tangent directions:
G, =0, U=0, w=0, n(l+tg’y)=0
d) displacement is prohibited in normal direction:
v=0, 6,=0, 6,=0, nﬁ(l+tg2y)=0
e) displacement is prohibited in one of tangent directions and in normal direction
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v=0, w=0, 6, =0, n1-6n +tg2y1/1—n(1—4/(1—11)(1—611)):0

f) displacement is prohibited in one of tangent directions and in normal direction
2

v=0,u=0,0,=0, nyl-6n+ctg’yyl-n (1—‘/(1—11)(1—911)) =0

2) displacement is prohibited in all directions

U=0,v=0,w=0, (1+tg)(1-\[1-m)(1-6m) ) = 0

Studies have shown that three-dimensional surface wave exist only for two kinds of boundary
conditions. In the case where the half-surface is free from stresses, the known Rayleigh
equation is obtained (9). If we have restrained free surface (displacement if forbidden in
tangential direction) dispersion equations are comes to the equation (10) or (11). In case of
free surface constrained these equations have a single rootm < land three-dimensional
surface wave possesses the feature of dispersion. The figure shows dependence of the phase

velocity of the three-dimensional surface wave from the propagation angle. In table 2 the
values of 1 parameter are shown, which characterized the square of phase velocity of three-
dimensional surface wave depends on propagation angle by 6 =0.33.

Table 2 and graph show that by mixed boundary conditions on the surface, and propagation

angle affects to the phase velocity of the three-dimensional surface wave. By the

displacement prohibition in one of tangential direction, with an increase of the angle value,
. . . . T
the three-dimensional surface wave phase velocity decreases (increases). By ¥ = E(O) the

value of the phase velocity of the three-dimensional surface wave is exactly coincides to the

value of the phase velocity of the Rayleigh surface waves.

Table 2
Y 0 /6 /4 n/3 /2
N(10) - 0.9198 0.8850 0.8624 0.8464

(11 0.8464 0.8624 0.8850 0.9198 -
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Conclusion.Dispersion equations for the space problem of wave propagation in half-space
with an elastic-restrained border are obtained. The elastic half-space restraint of boundary in
plane strain leads to decreasing of localization degree of the surface wave (to the slow decay
of the amplitude). Three-dimensional surface wave exists only for two kinds of boundary
conditions - when the surface of half-space is free from the stresses and in case of cramped
free surface (displacement is prohibitedin one of tangential direction). In case of cramped
free surface three-dimensional surface wave possesses the feature of dispersion. By mixed
boundary conditions on the surface, the angle of propagation has the influence to the phase
velocity of three-dimensional surface wave.Increasing this angle the values of three-
dimensional surface wave phase velocity decreases (increases), tends to the value of the phase
velocity of the Rayleigh surface waves.
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