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Kasapsau K.B., Ilansan A.A.
Pe3oHaHCHBIE M JIOKATH30BAaHHbIE CIBUIOBbIC KOJICOaHMS B YIIPYTOM COCTABHOM Pe30HATOpe

B pabote paccmoTpeHa 3ajaua CABHIOBBIX KOJICOAHHH COCTaBHOIO PE30HATOPA MPSIMOYTOJILHOTO CEUCHHS,
COCTOSIIIET0 M3 [BYX DAa3IMYHBIX YHOPYTMX MaTepuanoB, KOIJa OJHA M3 CTOPOH pPe30HaTopa CBOOOAHA OT
HaNpsDKCHUH, a OCTalbHBIE TPU JKECTKO 3aKPEIUICHBI. YCTAHOBJICHO CYINECTBOBAHHE [BYX Pa3JIHMUYHBIX THIIOB
KOJNEOAHNH: JIOKAIM30BAHHBIX M COOCTBCHHBIX. IlOKa3aHa BO3MOXKHOCTb COBINAJCHUS JIOKAIH30BaHHBIX M
COOCTBEHHBIX YaCTOT KoIeOaHUi pa3IuIHEIX (opM, mpuBosnIee K 3GPeKTy BHyTPEHHETO pe30HaHca.

The paper is dedicated to the problem of shear vibration of compound resonator, made from two different elastic
materials, with rectangular cross section, when one side of the resonator is traction free, three other sides are
clamped. The existence of two different types of vibration, namely localized and natural types are established.
Possibility of coinciding of localized and natural frequencies from two different spectrums are shown, resulting in
the internal resonance occurrence that does not exist in one phase material resonator, with ordinary boundary
conditions.

Introduction.
A number of studies and reviews devoted to specific cases of localized waves edge resonance

in elastic systems are presented in [1].The correlation between effects of resonance and
localisation of shear waves in elasic resonator were have been firstly reported in a modal
problem [2], where was shown that due to vibration localisation frequencies the internal
resonance can occur. In [3] classical compound systems are analyzed formed by the pairs
of coupled resonators, including a system of elastically coupled masses, a system of rigid
rods separated by a notch, and an optical system made by a pair of dielectric films separated
by a thin metallic layer. Non linear effects in elastic resonators are considered in [4].
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Statement of the problem.

In Cartesian system (X, Y, Z) a two phase bi-material elastic resonator is considered,

occupying a region —D<X<a; 0<y<d; —00< Z<00. The resonator consists of the

two different elastic materials: (1) of length b, bulk density p

(2) of length @, bulk density p(2), shear modules G(z) (Fig.1).
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Fig.1. Resonator’s cross-section
S=1, S=2 stand for first and second materials, correspondingly.

We take the following boundary conditions at the resonators walls

ul=0, U?=0y=0, vy

)
U =0 x=-b, Y _o
OX

We also take the ideal contact conditions of continuity for the displacements and the

stresses of two different materials at the interface X =10

u =y® . g ou" -g®

=d,

X=a.

ouU (2)

OX

Solutions of the problem

OX

, shear modules G(l) and

Q)

@

3)

The solutions of Eq.(1) satisfying boundary conditions at ¥ =0,y = d we present in the

form
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(%, y,t) iU(S) )sin(A,y)exp(i ot)

n=1

A, =—;n=123... 4)

Functions Ué? (X) satisfy the equations

d’u’

. == 4] (7 =n* U =0, (5)
X
212
ddU2 +}L2( 2—n2)U52):0,
c , c®? c
Here N =—— Clz——; C, = ; o=—
G p" p"? c,

Solutions of Eq. (5) satisfying boundary condition X=—b and contact conditions at

X =0 can be written as

Uéln)(x):C(sinh(xk1 nz—nz)+tanh(bk1 nz—nz)cosh(xk1 nz—nz)),

Usy (X) = y“ smh(x?» Jn a2n2)+
Vi (6)

+tanh(bk )cosh(xk n’ —o’n’ ))

Here C is an arbitrary constant, ¥ = G(z) / G(l)
Satisfying solutions Uéi) (X) to the boundary condition at X=a we get the dispersion

equation defining dimensionless frequencies m

[ 2 2
yﬂ%#{&lﬂh(bk 1‘|2)tanh(a7»l nz—ocznz):O (7
am

Analysis of dispersion equation

1

In the frequency regions M<Nif a <1; n<no if o >1 the dispersion equation (7)

has not solutions. In other regions of 1 the dispersion equation defines spectral correlations
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for the resonator frequencies and may have two types of solution as it occurs in the problems
of shear waves propogation in layered waveguides [5,6], and in the modal problem,
considered in [2] .

The first type of solution gives a series of modes corresponding to natural vibration in the
frequency regions 1 >No (a<1) or >N >1),n=12.....
The second type gives a series of modes corresponding to localized vibration in the

frequency regions m<n< mo” if a<lor mo' < n<m if o >1

In the frequency regions, 1> n(xfl(OL <1) or N> N(ot >1) we have the dispersion
equation defining the spectrum of the resonator natural frequencies
2 2
Yvm —n 2 2 2.2 2
ﬁ—tan(bkﬂ/n -n )tan(akﬁla n -n )=O (3)
a'n’—-n
In the frequency region M<m<mo ', M=12.... when o <1 me have the following

dispersion equations defining the spectrum of the resonator localized frequencies

2 2

VN —

When o >linregion Mo < n<m m=1,2..... the dispersion equation defining the

than(bk1 112—m2)tanh(a?»1 mz—ocznz):O Q)

spectrum of the resonator localized frequencies can be written as

[(2 2
ym—n—tanh(bk1 mz—nz)tan(a?ul nz—oczmz)=0 (10)

When o =1 the dispersion equation of natural frequencies as the form
2 2 2 2
y—tan(bk1 n -n )tan(ak1 n -n ):0 (11)

while the dispersion equation of localized frequencies

y+‘[anh(b7u1 m2—nz)tanh(akl\/mz_nz)z()\/bz_étac (12)

has no solutions.
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Based on the numerical analysis of the
dispersion equations (8,11) defining the
natural frequencies ™M, , in the Table 1 the

data for the minimal natural frequencies

M. related to dependence from

geometrical parameter Ol are presented for

first mode N=1 of the resonator

oscillation. The numerical calculations

have been carried out for resonators with

parameters y=0.5 ai =1, bk =05.

Data of the Table 1 shows that the minimal

frequencies decreasing with increase of OL.

On the other hand, the localized vibration

frequencies increasing with increase of

n, n.
o ak, =1 ak =0.5
bx, =0.5 bx, =1
0.1 22.70 17.17
0.3 17.51 12.27
0.5 11.10 11.38
0.7 9.22 10.42
0.9 7.77 9.69
1.0 7.19 9.48
1.1 6.79 9.30
13 6.22 8.89
L5 5.77 8.25
1.7 5.31 7.55
1.9 4.85 6.94
2.0 4.63 6.79

Table 1. Minimal natural
frequencies of the resonator

first mode

mode number m and in some cases the

frequency of m mode of localized

vibration may coincide with minimal

frequency of natural vibration of N'=1mode. The coincidence of these frequencies results

in the effect of an internal resonance.

an, | bA, o | My =M. | m
0.1 0.1 0.5 | 31.46 24
0.6 0.2 0.7 | 17.24 14
0.09 | 0.03 | 0.3 | 68.52 33
0.5 0.1 0.5 | 3147 24
2.5 5.0 2.0 | 1.35 2
0.6 2.0 1.7 | 1.83 2
0.5 5.0 1.2 | 1.65 2
2.5 5.0 1.2 | 1.62 2

Table 2. Resonance frequencies data
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On the Table 3 the resonance frequencies of
localized and natural frequencies are presented
for different cases where the internal resonance
occur. The number Mcorresponds to localized
vibration frequencies modes, the  minimal
frequencies of natural vibration correspond to
N=1. The numerical calculations have been

carried out for resonators with Y =0.5, for

different cases of ai ,bA, .



Conclusion

Shear vibration of bi-material elastic resonator with rectangular cross section is considered,
when one side of the resonator is traction free, three other sides are clamped. The
corresponding dispersion equations are obtained defining spectral correlations for resonator
frequencies. It is shown that dispersion equation may have two different kinds of frequency
spectrums, namely natural frequency spectrum and localized frequency spectrum. The
equation of frequency spectrums are analyzed numerically in detail. Possibility of coinciding
(internal resonance) of frequencies from two spectrums are shown. Based on numerical
analysis the resonance frequencies of localized and natural frequencies are presented for
different cases where the internal resonance occur.
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