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Drawing on the discontinuous solutions of the elasticity theory for orthotropic plane, the study purports to offer 
exact solutions to mixed boundary value problems for orthotropic plane with absolutely rigid thin inclusion on one 
of the major directions, when one edge of it is wholly coupled with plane and the other side is in contact with plane 
under the condition of Coulomb friction.  
 

Акопян В.Н., Даштоян Л.Л. 

О напряжённом состоянии ортотропной плоскости с абсолютно жёстким включением 

В настоящей работе, на основе разрывных решений теории упругости для ортотропной плоскости, 
построено точное решение смешанной задачи для ортотропной плоскости, которая на одном из главных 
направлений содержит абсолютно жёсткое тонкое включение, одна из длинных сторон которого полностью 
сцеплена с плоскостью, а другая сторона контактирует с ней в условиях сухого трения. 

 
Հակոբյան Վ.Ն., Դաշտոյան Լ.Լ. 

 
Բացարձակ կոշտ ներդրակ պարունակող օրթոտրոպ հարթության  

լարվածային վիճակի մասին 
 

Ուսումնասրված է օրթոտրոպ հարթության հարթ դեֆորմացիոն վիճակը, երբ այն օրթոտրոպիայի 
գլխավոր ուղղություններից մեկի վրա պարունակում է բացարձակ կոշտ ներդրակ, որի երկար 
կողմերից մեկը ամրակցված է հիմքին, իսկ մյուս կողմի և հիմքի կոնտակտի տեղամասում տեղի ունի  
շփման Կուլոնի օրենքը:  Ստացված են խնդրի որոշիչ հավասարումները երեք սինգուլյար ինտեգրալ 
հավասարումների համակարգի տեսքով և կառուցվել է նրա փակ լուծումը: Ստացվել են պարզ 
բանաձևեր ներդրակի պտտման անկյան և կոնտակտի տեղամասերում գործող լարումների որոշման 
համար: Ցույց է տրված, որ կոնտակտային լարումները ներդրակի ծայրակետերում, բացի երեք տիպի 
աստիճանային եզակիություններից ունեն նաև, շփման առկայությամբ պայմանավորված, 
լոգարիթմական եզակիություն:  

 
Introduction 
A large number of research papers focus on the assessment of stress characteristics of 

elastic papers are devoted to study stress state of elastic massive bodies with thin acute-angled 
absolutely rigid inclusions within different models of contact of matrix with inclusion. The 
problems outlined above largely differ both depending on the model of contact of inclusion 
with matrix and elastic characteristics in case of compound bodies in boundary region could 
have logarithmic and some types of power singularities. Among these researches are papers 
[1-5], closest to the stated problem in present paper, as well as papers, given in [1]. In 
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mentioned papers the exact solutions for some problems on stress state of homogeneous and 
compound elastic planes and space with thin acute-angled rigid inclusions, one edge of which 
is rigidly coupled and the other is in smooth contact with matrix is built.  However, the case 
where one of the edges is rigidly coupled with matrix and the other is in contact with it by 
Coulomb friction, as the analysis suggests, is addressed for the first time.  
 
1.  The statement of problem and governing equations. Let the orthotropic elastic plane 
in Cartesian coordinate system Oху , the directions of axеs of which coincide with major 
directions of orthotropy of planes’ material, contain the absolutely rigid thin inclusion with 
length 2a , filled the interval  ,a a on line 0y  . One of the long edges of inclusion is 
wholly coupled with plane and the other is in contact under conditions of Coulomb friction.  
It is assumed that the plane be deformed under action of moment 0M , normal and horizontal 

concentrated loads 0P  and 0T , applied in midpoint x a  of inclusion  (Fig.1). These loads 
do not lead to detachment the inclusion from matrix. 

 
 
 
 

 
 

 
Fig.1 

 
 
 
 
 
 
 
 

Fig.1 
Problem is to determine the angle of rotation of inclusion and contact stresses, acting in 
regions of contacts of inclusion with matrix in explicit form, as well as to reveal the character 
of their changes depending on elastic characteristics of planes’ material. 
The stated problem can be mathematically represented as a following boundary value 
problem: 
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 x a , (1.1b) 

 ,U x y and  ,V x y are horizontal and normal components of displacements of points 
of corresponding semi-planes, each of which is satisfying Lame equations for orthotropic 
body in domain and is related with components of stress tensor    ,y x y ,    ,xy x y  by 

well-known formulas [6].  , 0  and  are constants, determining the angle of rotation and 
rigid displacements of inclusion. 

In order to solve the stated problem (1) we use the discontinuous solutions for orthotropic 
plane, obtained in [1]:  
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( )x , ( ), ( )x V x  and ( )U x be jumping functions of normal and horizontal components 
of stresses and displacements correspondingly  
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33/ij ija c c ; 12 33c   ( ijc  , 1,2i j   – (Cauchy tensor components).  
Using relations (1.2) and satisfying the conditions (1.1b) on inclusion, previously 

differentiating the conditions for displacements by variable x  and taking into account that  
the difference between normal displacements of points for both sides of inclusion are the 
same, i.e.   0V x   we come to the following system of singular integral equations to 
determine the unknown jumping functions: 
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 (1.3) 

 
The system of equations (1.3) should be considered with conditions of equilibrium of 
inclusion and the equality to zero of displacements at the end-points of inclusion, i.e. with 
conditions 
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Thus the solution of stated problem is reduced to the solution of system of singular integral 
equations (1.3) under conditions (1.4). 
 
2. Solution of governing equations. The closed solution of system (1.3) should be built 
under conditions (1.4). In this order, from second equation (1.3), using the first and last 
conditions (1.4), we express function  'U x  by function  x . We get 
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 (2.1) 

Substituting the values for  U x  from (2.1) into the first and last equations (1.3), after 
some transformations, the following system is obtained:  

     

       

*
1

1

* *
2 1

2 ,

a

a
a a

a a

dax f x
x
d da kbx f x
x x



 

   
     


              



 
 (2.2)  
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Let the functions  j x  be  
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      (j 1,2),j jx x x       

(j 1, 2)j  be the solutions of equation 2 * * *
2 1 1 0a kb a     . The system of equations 

(2.2) will be represented as two independent singular integral equations of second kind: 
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In this case, the first three conditions (1.4) are written in the following form using functions 
 j x  
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The solutions of the system of singular integral equations (2.3), satisfying the first of 
conditions (2.4) are given by the formulas [1,6]: 
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Here    /j j jX x G x     be the values of analytic in whole plane cutting along 

interval  ,a a  functions        1 1, 2j j

jX z z a z a j       on the upper 
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Taking into account that the numbers  1,2j j   are real, it is not difficult to state that 

1jG  . Therefore, the exponents  / 2 , 1, 2j j j      are real. 

Then, substituting the values of functions  jg x  in (2.5) and taking into account the values 
of integrals [6,7] 
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for functions  j x the following expressions are obtained: 
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Here we use the following notation: 
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Now we can determine the angle of rotation   of inclusion. In this order we use the second 

relation from (2.4). Substituting the values for functions    1,2j x j   from (2.6) in 
this relation, and calculating obtained integrals, after some simplifications, we find 
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Now we can determine normal and shear stresses, acting on long edges of inclusion. 
Using formulas 

           2 1 1 2 1 2

2 1 1 2
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x x x x

x x
     

   
   

  

first we determine the jump-functions of stresses. Substituting the expression for  j x  

from (2.6), we get  
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                 
             

  (2.8) 

Using obtained relations and two last formulas (1.2) the following formulas is obtained for 
normal contact stresses: 
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 (2.9) 

In this case  
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For shear contact stresses, acting in junction region of inclusion with matrix, we have 
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here 
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As we can see from obtained formulas, the contact stresses at the contact stresses  at the 
end-points of inclusion, besides three types of exponential singularities, have logarithmic 
singularity, which is due to the rotation of inclusion, arising as a result of asymmetrical 
loads. It is easy to check that in case of smooth contact  0k  when torsion moment 

0M  and horizontal load 0T  are absent, we get 0   using formula (2.7). In 

consequence of this the coefficients A , B , *A  and  *B  become zero and logarithmic 
singularity is vanished. From formulas (2.8) for stated case we get the expressions for 
jumps of stresses mentioned in [1]. For this special case the expressions for contact stresses 
are are the following: 

         1

2 2
, 0 ;I

y I
Kx K x x x

a x
          


 

     , 0 .y IIx K x x           

Here 

     

 
         

  
1 1

10 0
1 12 2

1

*
12 1 1

1 * *
1 2 1 2 2 1

1 tg ; sin ;
21 1 cos

ctg 1
; ;

4
1 ; 2 / ; 1 .j

j

P P qK q K
q q

a
K K x a x a x

q q a a

 

  
 



 
      

     
        


           

 

 
Summary. The exact solution for problem on a stress state of orthotropic elastic plane with 
absolutely rigid thin inclusion on one of the major direction, when one long edge of inclusion 
is wholly coupled with plane and the other side is in contact with plane under conditions of 
Coulomb friction, is built by the method of singular integral equations.  
It is shown that under asymmetrical loading of inclusion the contact stresses, acting on long 
edge, besides exponential singularities, have logarythmic singularity as well. In stated 
problem the simple expression for one of the most important mechanical characteristics, 
which is angle of rotation of inclusion, is obtained. 
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