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Пахлавиани Али Г. 
О напряжённом состоянии кусочно-однородного упругого прямоугольника с 

двумя симметричными трещинами при антиплоской деформации 
 

В статье в явном виде определяются коэффициенты интенсивности напряжений, 
разрушающие касательные напряжения и раскрытия трещин в кусочно-однородном 
прямоугольнике с двумя симметричными трещинами при антиплоской деформации. 
Численным анализом выяснены закономерности изменения этих величин, а также 
эффекты взаимовлияний ближних концов трещин. 
 

Փահլավիանի Ալի Գ. 
Հակահարթ դեֆորմացիայի ժամանակ երկու համաչափ ճաքերով կտոր առ կտոր համասեռ 

ուղղանկյան լարվածային վիճակի մասին 
 

Հոդվածում բացահայտ տեսքով որոշվում են լարումների ուժգնության գործակիցները, քայքայող 
շոշափող լարումները և ճաքերի բացվածքների երկու համաչափ ճաքերով, կտոր առ կտոր համասեռ  
ուղղանկյան մեջ հակահարթ դեֆորմացիայի ժամանակ: Թվային վերլուծությամբ պարզվել են այդ 
մեծությունների փոփոխման օրինաչափությունները, ինչպես նաև ճաքերի ծայրակետերի 
փոխազդեցության էֆեկտները:  

 
Introduction 
This paper presents a boundary value problem and formulation for the analysis of linear 
elastic fracture mechanics problems involving piecewise homogeneous bimaterials. 
Investigation and mathematical works in this paper is focused on the stress- strain state of 
plates with two symmetric central cracks that are made of two bonded dissimilar materials 
which behave as a piecewise homogeneous elastic plate. Two cracks are on the bondness 
line of the two segments of plate that have two different shear modulus G1 and G2, and 
equal length and height. The antiplane distributed shear loading act on the edges of plate. 
Using sinusoidal Fourier transformation the equation governing this boundary value 
problem converts to a singular integral equation (S.I.E) of the Cauchy form, which can be 
solved with the aid of Gaussian numerical-analytical solution for singular integral 
equations. Consequently the dislocation field around the cracks boundaries and the tearing 
stresses of plate and the Stress Intensity Factor (S.I.F) equations at the tips of cracks are 
derived. 

1. Basic equations in bimaterials with two cracks 
We consider the rectangular plate in the Cartesian coordinate system Oxyz , has a upper 

part { }hylxD ≤≤≤≤= 0,01   with shear modulus 1G , length l and height h , and a 
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lower part { }0,02 ≤≤−≤≤= yhlxD    with shear modulus 2G , length l  and height 
h . On the bondness line of the two segments in the interval lx ≤≤0   there are two 

central cracks located symmetrically at [ ]∪
2

1

,
=

=
k

kk baL , that have equal lengths 

(Fig.1) ( )1 1 2 2,   ,   ,  ,    0 2;    
2 2 2 2
l l l la a b b a b b a a l b a= − = − = + = + < < <  

The boundaries of cracks have not tractions, furthermore the vertical edges of 
plate ( )2,1=jD j  at 0=x  and lx =  are clamped and the upper and lower horizontal 

edges hy ±=  are loaded by antiplane distributed shear traction ( )xT , so that we have 
( ) ( ) ( ) ( ),100

2
0

1 <<=τ=τ +−=−= xxThyyzhyyz    in which ( ) ( )2,1=τ jj
yz  are the antiplane 

shear stresses on the top and bottom boundaries of segments jD . According to the above 

assumptions, the rectangular plate ∪
2

1=

=
k

kDD  undergoes an antiplane strain situation and 

the deformations of crack edges occur along the Oz axis on the basis of plane Oxy which 
means a tearing mode of Fracture. In this problem we seek to determine the displacement of 
edges around the cracks boundaries L , the stress intensity factors S.I.F, and the plate shear 
stresses producing fracture at the bondness line [ ] LlL \,0=′ out of cracks. Moreover it is 

required to investigate the interactive influence of adjacent crack tips 2a  and 1b . 

For determination of governing equations of the problem as shown in [10], in which the 
general form of the problem was discussed, the piecewise homogeneous elastic plate D  in 
interval lx ≤≤0 of axis Ox  is investigated separately in upper rectangle ( )1D  and 

lower rectangle ( )2D . By means of function ( )yxw j ,  ( )2,1=j  we introduce the 

deformation of cracks boundaries of ( )2,1=jD j  along the Oz  direction and investigate 

their elastic equilibrium separately. So for rectangle 1D  using the Hooke’s law to calculate 

the displacement ( )yxw ,1 we reach to the boundary value problem (1.1): 
 

y

x
h

( )T x

( )T x
l

0
l1a 1b 2b2a

2G

1G

z

h

Fig.1
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=+ =+ + = − = −

+

=+ +
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Δ = + = < < < <⎪

∂ ∂⎪
⎪ = = < <⎪
⎪ ∂ ∂⎨τ = = τ τ = = < <
⎪ ∂ ∂

⎧ ∈⎪τ = τ = ⎨
′τ ∈⎪⎩⎩

⎪
⎪
⎪
⎪

 (1.1) 

+L is upper edge of the cracks L , and ( )xτ is the antiplane shear stress in non-cracked 

zone of the plate [ ] LlL \,0=′ . 
After [11] to solve the boundary value problem (1.1) the Fourier sinusoidal transformation 
is used, supposing that 

( ) ( ) ( )...2,1sin,,
0

11 =⎟
⎠
⎞

⎜
⎝
⎛ π= ∫ ndx
l
nxyxwynw

l

       (1.2) 

And Fourier inverse transformation as below 

( ) ( ) ( )1 1
1

2, , sin       0
n

nxw x y w n y x l
l l

∞

=

π⎛ ⎞= ≤ ≤⎜ ⎟
⎝ ⎠

∑ . (1.3) 

By means of Fourier transformation (1.3) in the boundary value problem (1.1), the ordinary 
differential equation is obtained: 

( )

( ) ( )⎪
⎪
⎩

⎪
⎪
⎨

⎧

=τ=

<<=
π

−

=++= nT
dy
wdGn

dy
wdG

hyw
l
n

dy
wd

hyy
1

10
1

1

12

22

2
1

2

,

00

     

     
 (1.4) 

( ) ( ) ( ) ( ) ( )...2,1sin,sin
00

=⎟
⎠
⎞

⎜
⎝
⎛ π=⎟

⎠
⎞

⎜
⎝
⎛ πτ=τ ∫∫ ++ ndx

l
nxxTnTdx

l
nxxn

ll

        (1.5) 

Solving the equation (1.4) leads to                            ( ),...2,1=n    ( )hy ≤≤0 . 

( ) ( ) ( ) ( ) ( )
1

, ch ch
sinn
l nyw n y T n n n y h l

nG nh l l +

⎧ π ⎫⎛ ⎞= − τ π −⎡ ⎤⎨ ⎬⎜ ⎟ ⎣ ⎦π π ⎝ ⎠⎩ ⎭
 

 
        Finally from which we obtain the deformations on the bondness line upper boundaries 

( )
( ) ( ) ( )

( ) ( )1
1

ch
,0      1, 2,...

sh
l T n n nh l

w n n
nG nh l

+⎡ ⎤− τ π⎣ ⎦= =
π π

. (1.6) 

Completely through a similar approach for the rectangle 2D , we obtain the deformation on 
the bondness line  

( )
( ) ( )( )

( ) ( )2
2

ch
,0      1, 2,...

sh

l n nh l T n
w n n

nG nh l
−⎡ ⎤τ π −⎣ ⎦= =
π π

, (1.7) 

it is clear that 
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( ) ( ){ } ( ) ( ){ }2 2
0

, ;  , ;  sin
l nxw n y n w x y x dx

l− −
π⎛ ⎞τ = τ ⎜ ⎟

⎝ ⎠∫  

( ) ( ) ( ) ( ) ( )
( ) ( )⎩

⎨
⎧

′∈τ
∈

=τ=τ=τ=τ
−

−=Δ+=+− .
;0

0
21

Lxx
Lx

xx yyzyyz   
       

 

In which the zone −L  is the lower boundaries of cracks L . 
Now using ( )0,1 xw ,  ( )0,2 xw  quantities, we introduce the following functions: 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2
1

1

1

,0 ,0 2,0 sin     0
2

2 sin
2

n
n

n
n

w x w x nxx w x x l
l l

x x nxx x
l l

∞

=

∞
+ −

+
=

− π⎛ ⎞Φ = = = Φ < <⎜ ⎟
⎝ ⎠

τ + τ π⎛ ⎞Ω = = τ = Ω ⎜ ⎟
⎝ ⎠

∑

∑
  (1.8) 

 
       Functions nΦ , nΩ  are the Fourier Sinus coefficients that according to relations (1.2), 
(1.3) and (1.5) presented as below: 

( ) ( )[ ] ( );0,0,0,
2
1

121 nwnwnwn =−=Φ   ( ) ( )[ ] ( ).
2
1 nnnn +−+ τ=τ+τ=Ω  (1.9) 

In those it is clear that due to symmetry of axisOx     
( ) ( ) ( ) ( ) ( )1 2, ,    0 1;  ,  .w x y w x y x h y h x x+ −= − ≤ ≤ − ≤ ≤ τ = τ  

Now regarding to (1.6)–(1.9) and using similar approach in [10] with using nondimensional 
parameters η , ξ  we convert the function ( )xΩ  from (1.8) to the following formula. 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0

0

0 0

0

0
0

1 ctg ctg
2 2 2

1

2

L

L

d

K K d

L L T d

∗ ∗

π

∗ ∗

ξ − η ξ + η⎛ ⎞Ω ξ = − + φ η η+⎜ ⎟π ⎝ ⎠

⎡ ⎤+ ξ − η + ξ + η φ η η+⎣ ⎦π

⎡ ⎤+ ξ − η − ξ + η η η⎣ ⎦π

∫

∫

∫

                    ( )0 < ξ < π  (1.10) 

        So that the first term in the first integral for ξη = is the main quantity of Cauchy 
function, for this reason we use the below functions in (1.10). 

        ( ) ( )
( )

0

1 0

sin
;

ch

nh

n

e n
K

nh

−∞

∗
=

ξ
ξ =∑  ( ) ( )

( )1 0

cos
chn

n
L

nh

∞

∗
=

ξ
ξ =∑  ( )π<ξ<0  (1.11) 

Introducing nondimensional parameters converts the interval L to 0L ,  so with the aid of 

function ( )xΦ  from (1.8), the cracks boundaries displacement field are derived as below: 

;,, 0 l
hh

l
s

l
x π

=
π

=η
π

=ξ      ( ) ( ),πξτ=ξτ ∗ lG  ( ) ( )πξ=ξ ∗ lTGT0   

,
2 21

21

GG
GGG +

=∗   ,kk
a
l

π
α =  

l
bk

k
π

=β   ( ),2,1=k  
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[ ]
2

0
1

,  ,k k
k

L
=

= α β∪   [ ] ,\,0 00 LL π=′   ,0 ξ<  π<η . 

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ).;cos

,cos2
;0

;

00

1

0

πξϕ′=ξϕξξξϕ
π

=Φ
π

=ϕ

ξϕ=
⎩
⎨
⎧

′∈
∈ϕ′

=Φ′

∫

∑
∞

=

ldnl
l
n

n
lLx

Lxx
x

L
nn

n
n

  

        
  

 (1.12) 

The cracks L geometry parameters are .,
2

0 ⎟
⎠
⎞

⎜
⎝
⎛ α<β

π
<α<     

,
21 α−
π

=α   ,
21 β−
π

=β   ,
22 β+
π

=α  2 ,
2
π

β = + α ,
l
aπ

=α   .b
l
π

β =  (1.13) 

Investigation of key equation (1.10) in interval 0L  leads us to below new variables 

( )cos ,   cos     1 , 1 ,t u t u= ξ = η − < <  

        Regarding to the unknown displacement field ( )0ϕ ξ  from equation (1.12), we can 
derive the singular integral equation governing the problem as follows 

( ) ( ) ( ) ( ) ( ) ( ) ( )002

00

00

,2
1

,11
Λ∈=ω⎥

⎦

⎤
⎢
⎣

⎡
−

−

+
π

+
−

ω
π ∫∫

ΛΛ

ttfduuutK
u

utKtu
tu
duu

   

 ( ) ( ) ( ) ;,2 1

1
0 duuTutLtf ∫

−

=
π

  ( ) ( );arccos00 tTtT =   [ ]
2

0
1

, ;k k
k=

Λ = δ γ∪  (1.14) 

( ) ( ) ( ) ( ) 1
22

000 11,;arccos
−

−+−=ϕ=ω ututKtt     
And according to (1.13) we can write: 

1 2 1 2

2 1 2 1

cos sin ;   cos sin ;
sin ;   cos sin .cos

δ β = − α γ = α = − β
δ = β = β γ = α = α

 (1.15) 

Moreover, based on relations (1.11), we use the below functions: 

( ) ( ) ( ) ( ) ( )
02

12
01

1,     1 , 1
ch1

nh

n n
n

t eK t u T u U t t u
nhu

−∞

−
=

−
= − < <

−
∑  (1.16) 

( ) ( ) ( )
( )

1 12

1 0

, 1 ;
ch

n n

n

U u U t
L t u t

nh

∞
− −

=

= − ∑  

That are the known Chebyshev polynomials of the first and the second kind. 
The singular integral equation (1.14)–(1.16) may be investigated at the tips of the cracks to 
find their mutual influences. The continuity condition is: 

( ) ( )0   1, 2
k

k

b

a

s ds k′ϕ = =∫  

Using the nondimensional parameters, the above condition relation differ to below form: 

( ) ( )0

2
0   1,2

1

k

k

u du
k

u

γ

δ

ω
= =

−
∫  (1.17) 
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Through solution of the singular integral equation (1.14)–(1.16) with the condition (1.17), 
and after investigation the key equation (1.10) in the zone out of the cracks, 

[ ] 00 \,0 LL π=′ , we derive the nondimensional relation for shear stresses 

( ) ( )tarccos=ξξτ     as follows 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) [ ]( )
0 0

0
0 02

1

0 0 0
1

1 1arccos ,
1

22 , ,   1,1 \

u du u tt t K t u
u t u

K t u u du L t u T u du t

Λ Λ

−

⎡ω +
τ = τ = − − −⎢

π − π ⎢ −⎣

⎤− ω + ∈ − Λ⎦ π

∫ ∫

∫
 (1.18) 

In which the functions ( ) ( ) ( )utLutKutK ,,,,,0      and ( )tT0 are defined according to 
formulas (1.14) and (1.16). 
 

2.  Reducing the S.I.E to a system of linear algebraic equations 
To solve the S.I.E (1.14)–(1.17) we use the numerical solutions and methods prescribed in 
[7-9] that are based on Gaussian Quadratic formulas for ordinary and singular integrals. To 
reach this main object, at the end points of each interval [ ] ( )2,1, =γδ kkk     of crack 

systems 0Λ , we perform a change of variables according the below formulas 

( )2,1
22

;
22

=
δ+γ

+ρ
δ−γ

=
δ+γ

+
δ−γ

= kurt kkkkkkkk       

which is valid in interval [–1,1] where 1,1 ≤ρ≤− r . From that and taking advantage 
relations (1.15) it is obtained 

( )

( )

sin sin sin sin sin sin sin sin; 1
2 2 2 2

sin sin sin sin sin sin sin sin; 2
2 2 2 2

t r u k

t r u k

α − β α + β α − β α + β
= − = ρ − =

α − β α + β α − β α + β
= + = ρ + =

  (2.1) 

Consequently the S.I.E (1.14)–(1.16) is converted to the form as below 
( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )
01 1 12

0 0

11 1 1

1 1 1, , ;
2

k
kn n kn n k

k n n

d
L r d K r d f r

r ≠ =− − −

ω ρ ρ
+ ρ ω ρ+ ρ ω ρ ρ =

π ρ− π π∑∫ ∫ ∫   

( ) ;
2 2

k k k k
kf r f rγ − δ γ + δ⎛ ⎞= +⎜ ⎟

⎝ ⎠
 ( )112,1 <<−= rk  

( )
1

 , ;k k n n k k
kn

n n n n n n
L r r

−
⎛ ⎞γ − δ γ + δ γ + δ

ρ = ρ − + −⎜ ⎟γ − δ γ − δ γ − δ⎝ ⎠
  (2.2) 

( ) ( ) ( ) ( )
( )

( ) ( ) ( )

2

0

0
0

,
4

,  2
2 2 2 2 2

,  ;  ,    1,2
2 2 2 2 2

n n k k n n k k
kn n

n n n n

k k k k n n n n k k

k k n n n n k k k k
k

r
K r n

K r K r

r r k

⎧
γ − δ ρ + γ − δ + γ + δ + γ + δ⎪ρ = γ − δ ×⎨

⎪ ⎡ ⎤− γ − δ ρ + γ + δ⎣ ⎦⎩
γ − δ γ + δ γ − δ γ + δ γ − δ⎛ ⎞ ⎛× + ρ + − +⎜ ⎟ ⎜

⎝ ⎠ ⎝
⎫γ + δ γ − δ γ + δ γ − δ γ + δ⎞ ⎛ ⎞+ ρ + ω = ω + =⎬⎟ ⎜ ⎟
⎠ ⎝ ⎠⎭
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where the function ( )tf  and kernel function ( )utK ,0  and ( )utK ,  are introduced 
according to formulas (1.14) and (1.16), and the end points of crack systems 

[ ]
2

0
1

,k k
k=

Λ = δ γ∪  defined by (1.15) quantities. On the other hand noting that 1=k and 

2k =  the relations (2.1) are valid, and making use of (2.1) the condition equation (1.17) is 
converted as below: 

( ) ( )
( ) ( )

( )
01

2
1

0             1,2 .
4

k

k k k k

d
k

−

ω ρ ρ
= =

⎡ ⎤− γ − δ ρ + γ + δ⎣ ⎦
∫  (2.3) 

Now through the numerical approach according to [10] we can solve the S.I.E  (2.2) 
considering the above continuity condition (2.3) to obtain a system of linear algebraic 
equations as follows : 

( ) ( ) ( ) ( ) ( )
( )

( ) ( )

2
0

1 1 1, 1, 1,2

0

2
1

1 1 1, ,
2

0

1
2 2

M

kn m p kn m p n p k m
p n m M kp m

M
k p

p
k k k k

p

L r K r f r
M r

M

= = = − =

=

⎧ ⎡ ⎤
+ ρ + ρ ψ ρ =⎪ ⎢ ⎥ρ − ⎦⎪ ⎢⎣

⎪
⎨ ψ ρ

=⎪
⎪ γ − δ γ + δ⎛ ⎞− ρ +⎪ ⎜ ⎟

⎝ ⎠⎩

∑ ∑

∑
 (2.4) 

( )
( ) ( ) ( )
0

0

2
1,2 ,

1
k

k k
ψ ρ

ω = =
−ρ

 (2.5) 

For this reason in equations (2.2) and (2.3) the below function is valid where ( )kψ ρ  is a 

function of Holder-Lipschitz class in the [ ]1,1−  range, and M is an arbitrary natural 

numbers, also mr  and pρ are the roots of Chebyshev polynomials of the second kind 

( )1mU r−  and the first kind ( )mT ρ . 

( ) ( )2 1cos 1, 1 ; cos 1,
2m p

m pr m M p M
M M
π −⎛ ⎞ ⎛ ⎞= = − ρ = π =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

3. Special case of antiplane loading 
Now we suppose that the upper and lower edges of the plate stressed by antiplane shear 
forces P so that ( ) ( )2 ,T x P x lδ= − in which ( )xδ is the known Dirac Delta function. 

By this assumption the function ( )f t  is calculated as below: 

( ) ( )
( ) ( ) ( )

( )

1
2

0 2 2
1 0

0 1 2 1 2

1
1 1 1

ch 2 1

.

n

n
n

f t Q t U t t
n h

Q P G G GG l

−∞

−
=

−
= − − < <

−⎡ ⎤⎣ ⎦
= +

∑
 (3.1) 

To calculate the shear stress from relations (1.18) making use of the variables shown in 
(2.1) we reach to a new variable ρ and finally taking into consideration the equation (2.5) 
the follow formula for shear stress is concluded  
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( ) ( )
( ) ( )

( ) ( )
( )

( ) ( ) ( )

12 0

0
2

1 1

12

2
1 1

0

0 2

1
2 1

2 2

21
2 4

, 2 ,
2 2 2 2 1

k
k k

k k k k
k

k k k k
k k

k k k k k

kk k k k k k k k

d
t

t

t

d
K t K t f t

= −

= −

ψ ρ ρ
τ = − γ − δ −

γ − δ γ + δπ ⎛ ⎞−ρ ρ+ −⎜ ⎟
⎝ ⎠

⎡
γ − δ ρ+ γ + δ +⎢− γ − δ ×⎢π − γ − δ ρ+ γ + δ⎡ ⎤⎢ ⎣ ⎦⎣

ψ ρ ργ − δ γ + δ γ − δ γ + δ⎛ ⎞ ⎛ ⎞× ρ+ − ρ+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ −ρ

∑ ∫

∑ ∫

[ ]( ) [ ] [ ]0 01,1 \ ; sin , sin sin ,sint∈ − Λ Λ = − α − β β α∪  (3.2) 

in which the function ( )f t is presented according to (3.1). Consequently we can obtain 
the nondimensional fracture stresses through solving the linear algebraic system (2.4) that 
is: 

( ) ( )
( ) ( )

( ) ( )

( )
( ) ( )

02

0
1 1

2

2
1 1

0
0

1
2

2 2
21

2 4

, 2 ,
2 2 2 2

M
k p

k k
k k k kk p

p

M
k k p k k

k k
k p

k k p k k

k k k k k k k k
p p k p

t
M t

t
M

K t K t

= =

= =

ψ ρ
τ = − γ − δ −

γ − δ γ + δ
ρ + −

γ − δ ρ + γ + δ +
− γ − δ ×

⎡ ⎤− γ − δ ρ + γ + δ⎣ ⎦
γ − δ γ + δ γ − δ γ + δ⎛ ⎞ ⎛ ⎞× ρ + − ρ + ψ ρ +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

∑ ∑

∑ ∑  

( ) [ ]( )01,1 \f t t+ ∈ − Λ  (3.3) 

Now we seek for a relation to represent the crack opening displacements ( )xΨ : 

( ) ( ) ( ) ( ) ( )2 2 2 . ; 1,2
k

k

bx

k k
a x

x x s ds s ds a x b k′ ′Ψ = Φ = ϕ = − ϕ ≤ ≤ =∫ ∫  

From which after some calculations we have ( )1 1; 1, 2r k− ≤ ≤ =  

( ) ( ) ( ) ( ) ( )
1

0
0 33 3

2
2 3 3 3 31

sign
2

1 1
2 2

kk k
k

k k k k

r d
r −− −

− − − −−

−ρ ψ ρ ργ −δ
Ψ = −

π γ − δ γ + δ⎛ ⎞−ρ − ρ+⎜ ⎟
⎝ ⎠

∫  

( ) ( )0 3 3 3 31 1 arccos
2 2

k k k k
k r r

l
− − − −γ − δ γ + δ⎛ ⎞Ψ = Ψ +⎜ ⎟π⎝ ⎠

 

Similar through solving the system (2.4), the nondimensional equation (3.4) for crack 
opening displacements is obtained as below ( )1 1; 1, 2r k− ≤ ≤ = : 
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( ) ( ) ( ) ( )30 3 3
2

1 3 3 3 3

sign
2

1
2 2

M
p k pk k

k

p k k k k
p

r
r

M
−− −

= − − − −

−ρ ψ ργ − δ
Ψ = −

γ − δ γ + δ⎛ ⎞− ρ +⎜ ⎟
⎝ ⎠

∑   (3.4) 

Finally we derive the formulas to determine the Stress Intensity Factors S.I.F . Regarding 

symmetry of the problem due to axis 
2
lx =  we take into consideration only the right hand 

crack with end points at 2x a=  and 2x b= . The stress intensity factors are defined as 
follows  [1,2,5,12] 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
2 2

2 2

2 2 20 0

2 2 20 0

lim 2 lim 2 ;

lim 2 lim 2

III yzx a x a

III yzx b x b

K a a x a x x

K b x b x b x

→ − → −

→ + → +

⎡ ⎤ ⎡ ⎤= π − τ = π − τ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤= π − τ = π − τ⎣ ⎦ ⎣ ⎦

 (3.5) 

where ( )xτ
 

are fracture shear stresses that determined according to  (2.18) and or 
(3.2). At first in formula (3.2) by using the first term of relations (2.1) we convert variable 
t  to variable r . Then for calculation the S.I.F investigate the below stress function. 

( )
( ) ( )

( )
( )

01
1

0 2
1

1 1
1

d
I r r

r−

ψ ρ ρ
= − >

π ρ− −ρ
∫ . 

Here according to [12] we suppose that 
( ) ( ) ( ) ( ) ( ) ( )0 0* *
1 1 1 1;A B A Bψ ρ = ψ ρ + ρ+ ψ ρ = ψ ρ − ρ−  

and select parameters А and В so that ( )*
1 1 0ψ ± = , from which it is concluded that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0
1 1 1 1

1 11 1 ; 1 1
2 2

A B⎡ ⎤ ⎡ ⎤= ψ −ψ − = ψ +ψ −⎣ ⎦ ⎣ ⎦  (3.6) 

And consequently 

( ) ( )
( )

( ) ( )
*1
1

0 2 2
1

sign1 1
1 1

d Ar B r
I r A r

r r−

ψ ρ ρ +
= − + >

π ρ− −ρ −
∫  . (3.7) 

With the aid of relations (3.6) and (3.7) using in (3.5) and after some simple transforms on 
it we have 

( )
( ) ( ) ( )

( )
( ) ( ) ( )

0
1 2 1

2
1 2

0
1 2 1

2
1 2

2 1 sin sin
;

2cos

2 1 sin sin
;

2cos

III

III

GG l
K a

G G

GG l
K b

G G

ψ α− β
=

+ β

ψ − α − β
= −

+ α

  (3.8) 

On the other hand if we consider the dimensionless form of S.I.F in (3.8) obviously it is 
clear that: 

( )
( )

21 2

21 2

.
2

III
III

III

K bG GK
K aGG l

±
⎧ ⎫+ ⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭

 

( ) ( ) ( ) ( )0 0
1 1

sin sin sin sin1 ; 1 .
2cos 2cosIII IIIK K+ −α − β α − β

= −ψ − = ψ
α β

  (3.9) 
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Quantities ( ) ( )0
1 1ψ ±  in above formulas are found through solution of linear system of 

equations (2.4) taking advantage Lagrange interpolation coefficients. 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

10 0
1 1

1

0 0
1 1

1

1 2 11 1 ctg
4

1 2 11 1 tg
4

M
p

p
p

M
M p

p
p

p
M M

p
M M

+

=

+

=

−⎛ ⎞ψ = − ψ ρ π⎜ ⎟
⎝ ⎠

−⎛ ⎞ψ − = − ψ ρ π⎜ ⎟
⎝ ⎠

∑

∑
 (3.10) 

In this manner the calculation formulas to determine the problem main characteristics are 
(3.3), (3.4),  (3.9) and (3.10). 
4. Numerical calculations 
To solve the system of linear equations (2.4) we use 10,15, 20,30,...M =  In order that 
quantities of solutions converge and  the different  between  two latest  answers reach to the 
order 410− . For calculation the parameters of function (2.4), 

( ) ( ) ( ), , , , , ,k kn kn k kf r L r K rρ ρ δ γ  formulas (2.2), (1.15), (1.16), (3.1) are used. 

The  parameter α  and β  are supposed equal to 
3
π

α =  and  ; ; ; ;
4 8 16 32 64
π π π π π

β = in 

order to  determine the influence of distance  between  two  adjacent  cracks on their 
fracture  characteristics. The nondimensional shear stress ( )0 tτ  is calculated  according  to 

(3.3), in which the function ( )f t  is obtained  from (3.1), supposing the quantity 

0 0,01Q = . Using formulas (3.9) and (3.10) the stress intensity factors in the 
nondimensional form can be easily calculated, as shown in Fig. 2 and table 1, for above 
parameters. The variation of S.I.F IIIK  based on parameter β  and 0.3,0.5,1.0μ =  is 
shown in Fig. 3 to recognize the state of S.I.F under change of the lengths cracks.  
5. Conclusions   
The numerical schemes that are used to solve the singular integral equation governing the 
piecewise homogeneous elastic plate problem subject to uniform remote antiplane shear 
loading are accurate to determine the tearing shear stresses, cracks dislocation densities and 
the mode III stress intensity factors. For the case of cracks approaching together it has been 
shown that the stress intensity factors IIIK  grow up based on the two parameters, that are 
the total distance of their far tips and the closeness of their near tips, for example about 45 

percent in the case of 
3
π

α = and 
64
π

β = . The technique presented in this paper can be 

used to solve a class of problems associated with the cracking in bimaterials interface.  
 

  
π/64  
 

π/32  π/16 π/8 π/4 β       
 μ  

6.35  6.17 5.73 5.54 5.36 0.3 

6.13 5.87 5.34 5.12 4.88 0.5 

5.92 5.41 4.63 4.35 4.21 1.0 

  
   ,  β μnbased o3α = πfor IIIKVariation of .1Table 
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