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Դ.Ի. Բարձոկաս, Գ.Ի. Սֆիրիս 
Ճաքով միջավայրերի համար էլաստոդինամիկայի առաջին և երկրորդ հիմնարար խնդիրների որոշիչ 

հավասարումները 
Առաձգականության գծային տեսության շրջանակներում արտածվում են առաջին և երկրորդ 

հիմնարար դինամիկական խնդիրների որոշիչ հավասարումները ճաքով մարմինների համար, երբ 
ճաքի ափերի վրա տրված են լարումների բաղադրիչները, կամ տեղափոխությունների 
բաղադրիչները, համապատասխանաբար: 

Д.И. Бардзокас, Г.И. Сфирис 
Определяющие уравнения первой и второй фундаментальных задач  

эластодинамики для сред с трещиной 

В рамках линейной теории упругости выводятся определяющие уравнения первой и 
второй фундаментальных динамических задач для тел с трещиной, когда на берегах трещины 
заданы, соответственно, компоненты напряжений или смещений. 

 

1. Introduction. 
In our work we will derive the state equations the first and second fundamental 

dynamical problems in the frame of linear elasticity. In the first fundamental dynamical 
problem we will consider an infinite medium that contains a crack, on the lips of which, the 
stresses are considered to be known. The second fundamental problem has the same 
formulation, but in this case, the displacements on the crack lips are known. Beginning 
from the equations of motion, Hooke’s law and the compatibility equations we will derive 
the state equations for the above mentioned problems. The derivation of the equations will 
be based on the Muskhelishvili method of the Complex Potentials, the use of the Sohotsky 
– Plemely formulas and finally we will get two singular integral equations that are the state 
equations for the problems. These equations may contribute to better and further study of 
problems of seismic and fracture mechanics, composite, cracked or multiply connected 
media. The work was based on [1,2,3,4]. 

The equations of motion for a continuous medium with density ρ  may be written as: 

 
2

2
xx xz xu
x z t

ψψ∂σ∂σ ∂σ ∂
+ + = ρ

∂ ∂ψ ∂ ∂
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2

2
x z u
x z t
ψ ψψ ψ ψ∂σ ∂σ ∂σ ∂
+ + = ρ

∂ ∂ψ ∂ ∂
 (1) 

 
2

2
zxz zz zu

x z t
ψ∂σ∂σ ∂σ ∂

+ + = ρ
∂ ∂ψ ∂ ∂

 

In equation (1) we have not taken into account the body forces. Hooke’s law may be written 
as  

2 , 2 ,xx xx ψψ ψψσ = λθ + με σ = λθ + με  2zz zzσ = λθ + με   (2) 

 2 , 2 , 2 ,x x xz xz z zψ ψ ψ ψσ = με σ = με σ = με  

The components of the strains are connected with the vector of displacement u  according 
to: 

, ,xx zz
u w
x zψψ
∂ ∂ν ∂

ε = ε = ε =
∂ ∂ψ ∂

   (3) 

1 1 1, ,
2 2 2x z xz

u v w u w
x z z xψ ψ

⎡ ⎤ ⎡ ⎤∂ ∂ν ∂ ∂ ∂ ∂⎡ ⎤ε = + ε = + ε = +⎢ ⎥ ⎢ ⎥ ⎢ ⎥∂ψ ∂ ∂ ∂ψ ∂ ∂⎣ ⎦⎣ ⎦ ⎣ ⎦
 

We replace (2) and (3) into (1) and we get: 

 

2

2

2

2

2

2

( ) (div )

( ) (div )

( ) (div )

x
x

z
z

u
u u

x t
u

u u
t
u

u u
z t

ψ
ψ

∂∂
μΔ + λ + μ = ρ

∂ ∂
∂∂

μΔ + λ + μ = ρ
∂ψ ∂

∂∂
μΔ + λ + μ = ρ

∂ ∂

 (4)  

The relations above may be written in vector form  

 
2

2( ) grad(div ) uu u
x t
∂ ∂

μΔ + λ + μ = ρ
∂ ∂

 (5) 

If we take into consideration the following condition: 
 grad(div ) rot(rot )u u u= + Δ   (6) 

And use it in Eq. (5) we find: 

 
2

2( 2 )grad(div ) rot(rot ) uu u
t

∂
λ + μ − μ = ρ

∂
  (7) 

The displacement field of the elastic medium may be analyzed in a transverse and a 
longitudinal field. These two components of the displacement are propagating with 
different speeds that are independent. So we get: 

 
p s

u u u= +   (8) 
the components if which satisfy the equations: 

 rot 0, div 0
p s
u u= =   (9) 

Equation (7) based on (8) will result to 

 
2 2 2 2

2
12 2 2 2

p p p p
u u u uc
t x z

⎛ ⎞∂ ∂ ∂ ∂⎜ ⎟= + +
⎜ ⎟∂ ∂ ∂ψ ∂⎝ ⎠
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2 2 2 2

2
22 2 2 2

s s s s
u u u uc
t x z

⎛ ⎞∂ ∂ ∂ ∂⎜ ⎟= + +
⎜ ⎟∂ ∂ ∂ψ ∂⎝ ⎠

  (10) 

where 1 2
2 ,c cλ + μ μ

= =
ρ ρ

 are the propagation speeds of the longitudinal (Ρ) and 

the transverse (S) waves. In case when we consider the existence of body forces vector 
equation (5) will become: 

 
2

2
2( )grad(div ) uu u P
t

∂
μ∇ + λ + μ + ρ = ρ

∂
  (11) 

where ( , , )P X Ψ Ζ  is the vector of the body forces. If we write vector Ρ  as 

 grad rotΡ = Φ + Ψ   (12) 

then we seek u  as 

 grad rotu = φ + ψ   (13) 
and the following condition should be satisfied 

 2divu = ∇ φ   (14) 
Vector equation (11) based on (12), (13) and (14) will become: 

 

2 2

2 2

2 2

(grad rot ) ( )grad( ) grad rot

(grad ) (rot )
t t

μ∇ φ + ψ + λ + μ ∇ φ + ρ Φ + ρ Ψ =

∂ ∂
= ρ φ + ρ ψ

∂ ∂

  (15) 

 
2 2

2 2
2 2grad ( ) rot 0
t t

⎡ ⎤⎡ ⎤∂ φ ∂ ψ
λ + μ ∇ φ + ρΦ −ρ + μ∇ ψ + ρΨ −ρ =⎢ ⎥⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦

  (16) 

The form of Equation (16) shows that the vector expression (13) will be the solution of 
the motion equation if and only if functions φ  and ψ  are selected in a way that they 
satisfy (be solutions of) the following equations 

 
2

2 2
1 2c

t
∂ φ

∇ φ − = −Φ
∂

  (17) 

 
2

2 2
2 2c

t
∂ ψ

∇ ψ − = −Ψ
∂

  (18) 

Equation (17) is the non-homogenous wave equation with wave propagation velocity 

1c  which demonstrates that the component of the total displacement that corresponds to the 

gradient function φ  is moving with 1c  speed. From (14) we get that the dilatation 

divuΔ =  satisfies the wave equation that corresponds to speed 1c . In seismology this 
wave is called primary or simply P-wave. This wave contributes to the changes in the 
volume of the medium. 

On the other hand Eq. (18) shows that the other component of the boundary 
displacement, that corresponds to the vector function ψ  is moving with a smaller speed, 

namely 2c . Using rot rot(rot )u = ψ  we come up with the fact that 
1 rot
2

uω =  
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satisfies the wave equation with speed 2c . In seismology this wave is called secondary or 
simply S-wave. 

This type of wave (transverse) refers to the twisting of the element without changes in 
its volume. In case when the shear modulus is zero then 2 0c = . The above prove that 
transverse waves can’t propagate in media with zero bending stiffness. 

For our studies it would be useful to introduce the constant β , that is defined by: 

 1

2

2 2 2
1

c
c

λ + μ − ν
β = = =

μ − ν
  (19) 

this constant is independent of the density and the elasticity modulus of the medium. 
 
2. The method of Complex Analysis for two dimensional (2-D) Dynamic Problems. 
 

Next, we will examine the solution of the two dimensional boundary problem in 
the frame of the dynamical theory of elasticity. We will limit the problem to the case of 
plane strain, where the following equations are valid: 

 
2 2

2 2,x xxx u
x xt t

ψ ψ ψψ∂σ ∂σ ∂σ∂σ ∂ ∂ ν
+ = ρ + = ρ

∂ ∂ψ ∂ ∂ψ∂ ∂
 (20) 

where: 

( 2 )

( 2 ) ,

xx

x

u
x

u v u
x xψψ ψ

∂ ∂ν
σ = λ + μ + λ

∂ ∂ψ

⎛ ⎞∂ ∂ ∂ ∂ν
σ = λ + λ + μ σ = μ +⎜ ⎟∂ ∂ψ ∂ψ ∂⎝ ⎠

  (21) 

and the condition of compatibility  

 
2 22

2 2
xxx

xx
ψψ ψ∂ ε ∂ γ∂ ε

+ =
∂ ∂ψ∂ψ ∂

  (22) 

where 2x xψ ψγ = ε  
Hooke’s Law (21) may be written as: 

 

2 ( )
2( )

12 ( ), ( )
2( ) 2( )

xx xx

xx

u
x

v u v
x x

ψψ

ψψ ψψ ψψ

∂ λ
μ = σ − σ + σ
∂ λ + μ

∂ λ ∂ ∂
μ = σ − σ + σ θ = + = σ + σ
∂ λ + μ ∂ ∂ψ λ + μ

 (23) 

The compatibility condition (22) based on (23) will become: 

 
2 2 2

2 2

2( )( )
2xx

u v
xx ψψ

⎛ ⎞ ⎛ ⎞∂ ∂ λ + μ ∂ ∂ ∂
+ σ + σ − ρ +⎜ ⎟ ⎜ ⎟λ + μ ∂ ∂ ∂ψ∂ ∂ψ ⎝ ⎠⎝ ⎠

  (24) 

or, based on (233) we get: 

 
2 2

2 2 2 ( ) 0
2 xxx t ψψ

⎛ ⎞∂ ∂ ρ ∂
+ − σ + σ =⎜ ⎟λ + μ∂ ∂ψ ∂⎝ ⎠

  (25) 

Equation (25) based on the definition of the speed 1c  of the P-wave will become: 



 9 

 
2

2
2

1

1 ( ) 0xxc t ψψ

⎛ ⎞∂
∇ − σ + σ =⎜ ⎟∂⎝ ⎠

  (26) 

If we differentiate equation (201) with respect to x and (202) with respect to ψ and then 
subtracting one from the other we get: 

 
2 2 2

2 2 2 22 2xxx t t ψψ

⎛ ⎞ ⎛ ⎞∂ ρ ∂ ∂ ρ ∂
− σ = − σ⎜ ⎟ ⎜ ⎟μ μ∂ ∂ ∂ψ ∂⎝ ⎠ ⎝ ⎠

  (27)  

Based on the definition of the speed of the S-waves we will have: 

 
22 2

2 2 2
2

1 ( )
2

xx
xxcx t

ψψ
ψψ

∂ σ∂ σ ∂
− = σ + σ

∂ ∂ψ ∂
  (28) 

Adding the results of the differentiations of equations (20) we get 

 
2 2 2 2

2 2 2( ) 0xx xx x tψψ ψ

⎛ ⎞∂ ∂ ∂ ρ ∂
σ + σ + + − σ =⎜ ⎟∂ ∂ψ μ∂ ∂ψ ∂⎝ ⎠

  (29) 

  
2 2

2
2 2
2

1( ) 0xx xx c tψψ ψ

⎛ ⎞∂ ∂
σ + σ + ∇ − σ =⎜ ⎟∂ ∂ψ ∂⎝ ⎠

  (30) 

Relation (27) will be identically satisfies if we introduce the following relations for 
,xx ψψσ σ  

 
2 2 2 2

2 2 2 2,
2 2xx

U U U U
t x tψψ

∂ ρ ∂ ∂ ρ ∂
σ = − σ = −

μ μ∂ψ ∂ ∂ ∂
  (31) 

and if we add them we will have: 

 
2

2
2 2
2

1
xx

UU
c tψψ

∂
σ + σ = ∇ −

∂
  (32) 

Based on (31) relations (25) and (23) will become: 

 
2 2 2 2 2 2

2 2 2 2 2 2 0
2

U
x t x t

⎛ ⎞⎛ ⎞∂ ∂ ρ ∂ ∂ ∂ ρ ∂
+ − + − =⎜ ⎟⎜ ⎟λ + μ μ∂ ∂ψ ∂ ∂ ∂ψ ∂⎝ ⎠⎝ ⎠

  (33) 

 
2 2 2 2

2 2 2 0x
U
xx t ψ

⎛ ⎞⎛ ⎞∂ ∂ ρ ∂ ∂
+ − σ + =⎜ ⎟⎜ ⎟μ ∂ ∂ψ∂ ∂ψ ∂⎝ ⎠⎝ ⎠

  (34) 

 
2 2

2 2
2 2 2 2
1 2

1 1 0U
c t c t

⎛ ⎞⎛ ⎞∂ ∂
∇ − ∇ − =⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠

  (35) 

  
2 2

2
2 2
2

1 0x
U
xc t ψ

⎛ ⎞⎛ ⎞∂ ∂
∇ − σ + =⎜ ⎟⎜ ⎟∂ ∂ψ∂ ⎝ ⎠⎝ ⎠

  (36) 

From the above it’s easy to understand that function U is the dynamic analogue of the 
Airy function. So the problem focuses on relation (35). If we concentrate on problems 
where the disturbance is propagating with speed c parallel to axis x , we can use the 
transformation: 

 
x ctξ = −⎧

⎨η = ψ⎩
  (37) 

Of course the general case * *
1 2,x c t c tξ = ± η = ψ ± , may be examined. 



 10 

Relation (35) with respect to the new coordinates (ξ,n) will be: 

 
2 2 2 2

2 *2 2 2 *2 2
1 2

1 1 0U
⎛ ⎞⎛ ⎞∂ ∂ ∂ ∂

− − =⎜ ⎟⎜ ⎟∂ξ μ ∂η ∂ξ μ ∂η⎝ ⎠⎝ ⎠
  (38) 

where * *
1 2,μ μ  are the solutions of the characteristic equation. 

 
2 2

*2 *21 1 0
2
c c⎛ ⎞⎛ ⎞ρ ρ

− + μ − + μ =⎜ ⎟⎜ ⎟λ + μ μ⎝ ⎠⎝ ⎠
  (39) 

1/ 2 1/ 21/ 2 1/ 22 2 2 2
* *
1 1 2 22 2

1 2

1 1 , 1 1
2
c c c ci i ia i i ia

c c
⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ρ ρ

μ = − = − = μ = − = − =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟λ + μ μ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
Equations (31) and (32) through the new coordinates (ξ,n) will become: 

 
2 2

2
22 2 2 2

1

1, (1 )
22xx

U c U U
c ψψ

∂ ∂ ∂
σ = − σ = + α

∂η ∂ξ ∂ξ
   (40) 

 
2 2

2
22 2xx

U Uaψψ

∂ ∂
σ + σ = +

∂η ∂ξ
  (41) 

The existence of two solutions forms two complex planes 
 * *

1 1 2 2,z z= ξ + μ η = ξ + μ η    (42) 
Using Eq. (42) in Eq. the solution will be found in the same way as for the case of the 
anisotropic medium: 

 1 1 1 1 2 2 2 2 1 1 2 2( ) ( ) ( ) ( ) 2Re[ ( ) ( )]U F z F z F z F z F z F z= + + + = +   (43) 

where ( ) 1,2,3i iF z i =  are analytic functions with respect to complex variables jz . 
If we take into account relation (43), equations (43) and (41) will become: 

 

2 2 '' 2 ''
1 2 1 1 2 2 2

2 2 2
1 2 1 2 2

1 1 12 Re ( ) (1 ) ( )
2 2 2

1 12 Re (1 ) ( ) (1 ) ( )
2 2

xx a a F z a F z

a a z a z

⎡ ⎤⎛ ⎞σ = − + − + + =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞= − + + Φ + + Ψ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

  (44) 

 [ ]2 '' '' 2
2 1 1 2 2 1 1 2(1 ) Re ( ) ( ) (1 ) Re ( ) ( )F z F z a z zψψ ⎡ ⎤σ = + α + = + Φ + Ψ⎣ ⎦   (45) 

 2 2 '' 2 2
1 2 1 1 1 2 12( ) Re( ( )) 2( ) Re ( )xx F z a a zψψσ + σ = − α − α = − − Φ   (46) 

Where ''
1 1 1( ) ( )F z z= Φ  and "

1 2 2( ) ( )F z z= Ψ . Using the above in Hooke’s Law (21) or 
(23) and integrating we will get: 

 ' 2 ' 2
1 1 2 2 2 1 2 2

1 1Re ( ) (1 ) ( ) Re ( ) (1 ) ( )
2 2

u F z a F z z a z⎡ ⎤ ⎡ ⎤μ = − + + = − φ + + ψ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
  (47) 

 
2 2

' '2 2
1 1 1 2 2 1 1 22 2

2 2

1 1
Im ( ) ( ) Im ( ) ( )

a a
v a F z F z a z z

a a
⎡ ⎤ ⎡ ⎤+ +

μ = + = φ + ψ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

  (48) 

where '
1 1 1( ) ( )F z z= φ  and '

2 2 2( ) ( )F z z= ψ . 
Relation (213) based on the above equations will result to: 
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2 2

" ''2 2
1 1 1 2 2 1 1 22 2

2 2

1 1
2 Im ( ) ( ) 2Re ( ) ( )

4 4x
a a

a F z F z i a z z
a aψ

⎡ ⎤⎡ ⎤ ⎛ ⎞+ +
σ = + = − Φ + Ψ⎢ ⎥⎜ ⎟⎢ ⎥

⎣ ⎦ ⎝ ⎠⎣ ⎦
 (49) 

Equations (44)-(49) gives us the components of the stress tensor and the displacement 
vector, in any point of the medium. These relations play the same role as the Kolosov – 
Muskhelisvili – Lechnitski relations. 
 
3.General method of solution of the 1st fundamental dynamic problem of elasticity for 
the cracked body. 
 

For the first fundamental problem, we consider that the normal and tangential 
stresses on both of the crack lips are known. If we take into account the next relation: 
 ( ) ( ) 22 2i

n t xx xx xi e i− θ
ψψ ψψ ψ⎡ ⎤σ + σ = σ + σ − σ − σ + σ⎣ ⎦   (50) 

and the expressions for the components of stresses ( ), ,xx xψψ ψσ σ σ  with respect to 

complex potentials 1 1( )zΦ  and 2 2( )zΨ  when ,z t→ ∈  1 1 2 2,z t z t→ →  they will 
become: 

 ( )2 2
1 2 1 1 1 1( ) ( )xx t t± ±

ψψ
⎡ ⎤σ + σ = − α − α Φ +Φ⎣ ⎦   (51) 

 ( ) ( )2 2
1 1 1 1 1 2 2 2 2 21 ( ) ( ) 1 ( ) ( )xx t t t t± ± ± ±

ψψ
⎡ ⎤ ⎡ ⎤σ − σ = − + α Φ +Φ − + α Ψ + Ψ⎣ ⎦ ⎣ ⎦   (52) 

 

( )

( )

2
2

1 1 1 2 2
2

22
2

1 1 1 1 1 2 2 2 2
2

1
2 Re ( ) ( )

4

1
( ) ( ) ( ) ( )

4

x

a
i a t t

a

a
i t i t i t i t

± ±
ψ

± ± ± ±

⎧ ⎫⎡ ⎤+⎪ ⎪⎢ ⎥σ = − Φ + Ψ =⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎧ ⎫+⎪ ⎪⎡ ⎤ ⎡ ⎤= − α Φ − Φ + Ψ − Ψ⎨ ⎬⎣ ⎦ ⎣ ⎦β⎪ ⎪⎩ ⎭

  (53) 

and finally we will have:  

( ) ( )( ){
( )( ) { ( )

}}

2 2 2
1 2 1 1 1 1 1 1 1 1

2
22

2 2 2 2 2 1 1 1 1 1
2

2
2 2 2 2

2 ( ) ( ) 1 ( ) ( )

1
1 ( ) ( ) 2 ( ) ( )

4

( ) ( ) ,

n t

i

dti a a t t a t t
dt

t t i a i t i t

dti t i t e
dt

± ± ± ± ± ±

± ± ± ±

± ± − θ

⎡ ⎤⎡ ⎤σ + σ = − − Φ +Φ + + Φ +Φ +⎣ ⎦ ⎣ ⎦

+ α
⎡ ⎤+ α Ψ + Ψ + Φ − Φ + +⎣ ⎦ α

⎡ ⎤+ Ψ − Ψ =⎣ ⎦

 

 
( )

( ) ( ) ( )

2
2 22

2 2 2 2 2 2
2

22 2 2 2 2
1 2 1 1 1 1 2 1 1 1

1
( ) 1 ( ) (1 ) ( )

2

(1 ) ( ) 1 ( )

adtf t a t a t
dt a

dt dta a a t a t
dt dt

± ± ±

± ±

+ ⎡ ⎤= − + Ψ + + Ψ −⎣ ⎦

⎡ ⎤ ⎡ ⎤
− − − + − Φ + − α − α + + Φ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 (54) 

where ( )( ) 2 n tf t i± ± ±= σ + σ . If we multiply (54) with /dt dt  and carry out the math 

we will get:  
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( ) ( ) ( )

( )( ) ( )( )

1 1 1
1 1 1 1 1 1 2 1 1 1 1

2 22 2
2 2 2 2

2 2 2 2
2 2

2 1 ( ) 2 1 ( ) 1 ( ) ( )

1 1 1 1
( ) ( ) ( )

2 2

dt dt dtt a t a t t
dt dt dt

a a a a dtt t f t
a a dt

α ± ± ± ±

± ±

⎡ ⎤− Φ + + Φ + − Φ +Φ −⎣ ⎦

+ − + +
− Ψ + Ψ =

 (55) 

where: 1
1 1

1 (1 ) (1 )
2

dt dta a
dt dt

⎡ ⎤
= + + −⎢ ⎥

⎣ ⎦
, ( ) ( )1

1 1
1 1 1
2

dt dta a
dt dt

⎡ ⎤= − + +⎢ ⎥⎣ ⎦
 

The conjugate expression of (55) becomes 

 

( ) ( ) ( )

( )( ) ( )( )

1 1
1 1 1 1 1 1 2 1 1

2 22 2
2 2 2 2

2 2 2
2 2

2 1 ( ) 2 1 ( ) 1 ( ) ( )

1 1 1 1
( ) ( ) ( )

2 2

dt dt dtt a t a t t
dt dt dt

a a a a dtt t f t
a a dt

α ± ± ± ±

± ± ±

⎡ ⎤− Φ + + Φ + − Φ +Φ −⎣ ⎦

+ − + +
− Ψ + Ψ =

  (56) 

We multiply relation (55) with 
( )( )

2
22

2 2

2
1 1

α

+ α + α
 and relation (56) with 

( )( )
2

22
2 2

2
1 1

α

+ α − α
 and consequently we add the results to find: 

 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( )

( ) ( )

2
2 2 2 1 1 1 1

22 2 222
2 2 22

12 2 2 1 1 1
1 12 2 2 22

22 2 2 2

2 2
1 12 2

2 2

8 1 2 1 1
( ) 2 2

1 1 11

2 11 1 2 1
( ) 2

11 1 1 1

1 1
( ) ( )

1 1

a a dt a dt
t

dtdta a a

aa a a a dt dtdt dt t
dt dtdt dtaa a a a

a adt dt t g t
dtdta a

±

±

± ±

⎡α + α − +
Ψ + + +⎢

+ + −⎢− α ⎣

⎤ ⎡ −− − +
+ + Φ + + +⎥ ⎢

++ − + −⎥ ⎢⎦ ⎣
⎤− −

+ + Φ =⎥
+ − ⎥⎦

(57) 

where 

( )( ) ( )( )
2 2

2 22 2
2 2 2 2

2 2( ) ( ) ( )
1 1 1 1

a dt a dtg t f t f t
dtdta a a a

± ± ±= +
+ + + −

 

We multiply (57) with 
( )
( )

22
2

2
2 2

1

8 1

− α

α − α
 and we have 

 1 1
2 1 1 1 1 1 1

2 2 2

( ) ( , ) ( ) ( , ) ( ) ( )dt dt dtt A t t t B t t t g t
dt dt dt

± ± ± ±Ψ + Φ + Φ =   (58) 

where: 

( )
( ) ( )

( ) ( )
22

2 2 2 2
1 2 12 22

22

1 1( , ) 1
14 1

a dtA t t a a a
dtaa

⎧− ⎪ ⎡ ⎤= − + − +⎨ ⎢ ⎥⎣ ⎦++ ⎪⎩
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( )

( ) ( )2 2 2 2 1
1 2 12

2

1 1 /
1

dt dtdta a a
dt dt dta

⎫⎡ ⎤ ⎛ ⎞⎪+ + + − ⎬⎢ ⎥ ⎜ ⎟
⎝ ⎠− ⎣ ⎦⎪⎭

 

 

( )
( ) ( )

( ) ( )

( )
( ) ( )

22
22 2 2

1 2 12 22
22

2 2 2 2 1
1 2 12

22

1 1( , ) 1
14 1

1 1 /
1

a dtB t t a a a
dtaa

dt dt dta a a
dt dt dta

⎧− ⎪ ⎡ ⎤= + + − +⎨ ⎢ ⎥⎣ ⎦++ ⎪⎩

⎫⎡ ⎤ ⎛ ⎞⎪+ − + − ⎬ ⎜ ⎟⎢ ⎥
− ⎪⎣ ⎦ ⎝ ⎠⎭

  (59) 

 
( )
( )

22
2 2

1 2
2 2

1
( )

8 1

a dtg t
dta a

±
−

=
+

 

 ( ) ( ) ( ) ( )2 2
2 2 2 2

1 11 1 , 1 1
2 2

dt dtdt dta a a a
dt dt dt dt

⎡ ⎤ ⎡ ⎤= + + − = − + +⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
 

As we know the complex potentials that describe the cracked body may be expressed via 
the Cauchy integrals, similarly with the case of the anisotropic medium: 

 

2 1
1 1 1

1 1

2
2 2 2

2 2

( )1( )
2

( )1( )
2

z dz
i z

z d
i z

φ τ⎧Φ =⎪ π τ −⎪
⎨ ψ τ⎪Ψ = τ
⎪ π τ −⎩

∫

∫
  (60)  

Sohotsky – Plemely formulas when 1 1 2 2( , )z t z t z t± ± ±→ → →  become: 

 1
1 1 1 1

1 1

( )1 1( ) ( )
2 2

t t d
i t

± φ τ
Φ = ± φ + τ

π τ −∫  (61) 

 2
2 2 2 2

2 2

( )1 1( ) ( )
2 2

t t d
i t

± ψ τ
Ψ = ± ψ + τ

π τ −∫   (62) 

We subtract relations (58) and based on (61) and (62) we find: 

 ( ) ( )1 1
2 1 1 1

2 2 2

( ) , ( ) , ( ) ( )
dt dt dtt A t t t B t t t t
dt dt dt

ψ + φ + φ = λ   (63) 

where 2 2 2( ) ( ) ( )t t t+ −ψ = Ψ −Ψ  and 1 1 1( ) ( ) ( )t g t g t+ −λ = −  

The complex potential 2 2( )zΨ  based on (63) will have the form: 

1 1 1
2 2 1 1

2 2 2 2 2 2

( ) ( , ) ( ) ( , ) ( )1 1 1( )
2 2 2

A B
z d d d

i z i z i z
λ τ τ τ φ τ τ τ φ τ

Ψ = τ − τ − τ
π τ − π τ − π τ −∫ ∫ ∫  (64) 

Adding relations (58) based on (61), (62) and the expressions (64) we will have the next 
singular integral equation: 

 ( )1 2 1 1 2 1
1 1

1 1 1 1

( ) ( )1 1( , ) / , /
dt dt dt dt

A t t d B t t d
dt dt i t dt dt i t

⎛ ⎞φ τ φ τ⎛ ⎞ τ − τ −⎜ ⎟⎜ ⎟ ⎜ ⎟π τ − π τ −⎝ ⎠ ⎝ ⎠
∫ ∫   
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1 1
1 1 1 2

2 2 2 2 2

1

2 2

( , ) ( ) ( , ) ( )1 1 ( ) ( )

( )1

A B dtd d g t g t
i t i t dt

d
i t

+ −τ τ φ τ τ τ φ τ
⎡ ⎤− τ − τ = + −⎣ ⎦π τ − π τ −

λ τ
− τ
π τ −

∫ ∫

∫
  (Ι) 

where 2 1 1( ) ( ) ( )t g t g t+ −⎡ ⎤λ = +⎣ ⎦  

Singular integral equation (Ι) is the state equation of the first fundamental dynamic 
problem for the cracked body in case when the stresses ( ),n t

± ±σ σ  are known for both the 

crack lips.  
 
4. The 2nd fundamental dynamic problem of elasticity for a cracked body. 
 

For the second fundamental problem, we consider known the displacements on both 
the crack lips. We have: 

 ( ) 1 1 1 2 1 1 3 2 2 4 2 22 ( ) ( ) ( ) ( ) ( ) ( )u z iv z z z z z⎡ ⎤μ + = − β φ + β φ + β ψ + β ψ⎣ ⎦   (65) 

where: 1 1 2 21 , 1β = + α β = − α , ( )2
3 2

2

1 11 1
2

β α
α

⎛ ⎞
= + +⎜ ⎟

⎝ ⎠
, ( )2

4 2
2

1 11 1
2

β α
α

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
. 

If we take the limiting values of expression (65) when z t±→ ∈  1 1(z t±→ , 

2 2 )z t±→  and differentiate with respect to variable t  we get: 

 

( ) ( )

1 1 2 2
1 1 1 2 1 1 3 2 2 4 2 2

2

( ) ( ) ( ) ( )

t t
d u iv
dt

dt dt dt dt
t t t t

dt dt dt dt

± ±

± ± ± ±

⎡ ⎤μ + =⎣ ⎦

⎤⎡= − β Φ +β Φ +β Ψ +β Ψ ⎥⎢⎣ ⎦

 (66) 

 

( )( ) ( )
4 2

1 1 2 1 1 2
1 1 1 1 2 2

4 4 42 2 2

2

( ) ( ) ( ) ( )

t t
dt d u iv
dtdt

dt dt dt
t t t t

dt dt dt

± ±

± ± ± ±

μ
+ =

β

⎡ ⎤β β β
= − Φ + Φ + Ψ + Ψ⎢ ⎥β β β⎣ ⎦

  (67) 

An analogous expression of (65) is the following: 

 ( ) 2 1 1 1 1 4 2 2 3 22 ( ) ( ) ( ) ( ) ( ) ( )u z iv z z z z z⎡ ⎤μ + = − β φ + β φ + β ψ + β ψ⎣ ⎦   (68) 

For z t→  and consequently differentiation with respect to t  , we shall get after carrying 
out the mathematics: 

 

( )( ) ( )
3 2

2 1 1 1 4
1 1 1 1 2 2

3 3 32 2 2

2

( ) ( ) ( ) ( )

t t
dt d u iv
dtdt

dt dt dtt t t t
dt dt dt

± ±

± ± ± ±

μ
+ =

β

⎡ ⎤β β β
= − Φ + Φ + Ψ + Ψ⎢ ⎥β β β⎣ ⎦

  (69) 

We subtract relation (69) from relation (67) and we get: 
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( ) ( ) ( )

( ) ( )

1
3 4 ( ) ( ) 1 3 4 2 1 1

2 2

2 21 2
2 3 1 4 1 1 3 4 2

2 2

2 ( )

( ) ( )

t t
dtdt d u iv t

dtdt dt

dt dt
t t

dt dt

± ±

± ±

⎡
β −β μ − = − β β −β β Φ +⎢

⎣
⎤

+ β β −β β Φ + β −β Ψ ⎥
⎦

  (70) 

We multiply equation (70) with 2
2 2

23 4

1 dt
dtβ −β

 and we result to: 

 

( )3 4 1 3 4 2 1
( ) ( ) 1 12 2 2 2

2 23 4 3 4

2 3 1 4 1
1 1 22 2

23 4

2 ( )

( ) ( )

t t
dtdt d u iv t

dt dt dt

dt
t t

dt

± ± ±

± ±

⎡β −β β β −β β
μ + = − Φ +⎢β −β β −β⎣
β β −β β

⎤+ Φ + Ψ ⎦β −β

  (71) 

If we subtract equations (71) and taking into consideration the Sohotsky – Plemely 
formulas we shall have: 

 

( )3 4
2 2 2

23 4

1 3 4 2 3 2 1 41 1
1 1 1 12 2 2 2

2 23 4 3 4

( ) 2 ( ) ( )

( ) ( )

d dtt u u i v v
dt dt

dt dt
t t

dt dt

+ − + − β −β
⎡ ⎤ψ = − μ − − − −⎣ ⎦ β −β

β β −β β β β −β β
− φ − φ

β −β β −β

  (72) 

We use the following notation: 

( ) ( )* 3 4
1 12 2

3 4 2

( ) 2 ( )d dtt u u i v v t
dt dt

β βλ μ λ
β β

+ − + − −⎡ ⎤= − + − =⎣ ⎦ −
 

So, the expression of the complex potential 2 2( )zΨ  based on relation (72) will become: 
*

1 3 4 22 1 1 1
2 2 2 2 1

2 2 2 2 2

3 2 1 4 1 1
1

2 2

( ) ( ) ( )1 1( )
2 2 2

( )
2

z
z d d d

i z i z i z

d
i z

β β −β βψ τ λ τ φ
Ψ = τ − τ − τ −

π τ − π τ − π τ −

β β −β β φ τ
− τ

π τ −

∫ ∫ ∫

∫
  (73) 

By addition of relations (71) and taking into consideration the limiting values of 
the Sohotsky – Plemely formulas for the complex potentials 1 1( )zΦ  and 2 2( )zΨ  we will 
get the following singular integral equation: 

 

( )4 2 1 3 2 3 1 41 1 1 1 1 1
1 1

2 1 1 2 1 1

4 2 1 3 1 4 3 21 1 1
1 1

2 2 2 2

*
* 1
2

2 2

( ) ( )

( ) ( )

( )1( )

dt dt
d d

i dt t i dt t

d d
i t i t

t d
i t

β β −β β β β −β βφ τ φ τ
τ + τ +

π τ − π τ −

β β −β β β β −β βφ τ φ τ
+ τ + τ =

π τ − π τ −

λ τ
= λ − τ

π τ −

∫ ∫

∫ ∫

∫

  (ΙΙ) 

where 
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 ( ) ( ) ( )*
2 3 4

2

( ) 2 d dtt u u i v v
dt dt

+ − + −⎡ ⎤λ = μ + + + β −β⎣ ⎦  

Equation (ΙΙ) is the State Equation for the second fundamental problem of elasticity. 
 
5. Conclusions 
 

In this work, we provided the equations that are reciprocal to the Muskhelisvili 
equations (which are only effective for static problems) for the dynamic problem as 
described in the begging. Consequently we deduced the State Equations for the first 
(equation (I)) and second (equation (II)) fundamental problems.  

The work was carried out in the framework of an agreement on scientific cooperation 
between the National Technical University of Athens and the Institute of Mechanics, 
National Academy of Sciences (NAS) of Armenia. 
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