dUsuUsULh AhsNRe3NFLLEND UL4UShL UMUTHGURLESh SEALLULG.RE
HM3BECTHA HALJMOHAABHOM AKAAEMUM HAYK APMEHWH

Utifuwu Gl 54, Ne3, 2001 MexaHura
YAK 517.9.532

A DERIVATION OF EVOLUTION EQUATION FOR THE
INTERACTION BETWEEN A WEAKLY INTENSITY HIGH
FREQUENCY WAVES IN A GAS-FLUIDS MEDIA
G.S.Bezirgenyan

G4, Bhghpohtpul
Edapnighnt busfwwwomiwl wssegnidp pagy hinbGuhdrggw, pupdn hufuhenpwl
thnfug e wiplbnh honfwn guiguaibgnidpughG dhgwdugpned

papldnod b hfwyBppapelod iyl wmogp@ Qupgh Qdwghoswhl ghgbpbiy e Runfusuipmuatibnf
hwdwlusry Pwpdp ooedwhusiped (gepd wihpGip Ao 13 & prnyy - polien bk g st {L -::-:;I}
Yinfaiwgan wipling hiudwp (progg ey giwghl wpngbe) sguugnpibng

wh ng gowhl Yepwnpiwd Bplingpn,

ponphbphighwg owbpunnpibph wpdy sl depnnp;

4. hrutwupenwufum npmghyGunh norwlh e agnatp B G ol dnowdaspns pye G LE} :
by dmnudnpripgnidmd swwgdwd b ophoghgdwiht Spipnpn Gupgh Swuloliol wowlyugbipng
Eimpnighnl b “lpwpd wihpbph” huwswpneip, app plopwgpad b dinfuwggnn wihplisph Swijuea b

Yty ppguiliopned (*EEn" Yo “Gupd™ wihpughl mpangp) g guegubbnmught’ Shewdesgp)
Awpdnudn:

[.C. beanprensu
BRLINOA JUCARIMOMHOTT YRARHEHHA A0 BAaUMONSECTRY MM X
BOAH CAADOA HHTEHCHRHOCTE H BLICOKOR M0CTHTH
B IasosHAROCTHRY Coeadx

PAcoMarpisaeTon  THTCREOAKYOCKAY  CHOTEMA  KDAMMAMHERIWX  AMdrhepeimas iy
VPaBIIHA b HaCTHRIX IPOHIBOAILIX HepEoro nopdakd, B cAyMae u3duMoAeicTEYIGLIKK boal
Crabodt MHETEHCUBHOCTH (E == 1} H HRICOKHE  AcTOTI {:"t. << 1} |caafblt HEAHHEHHLIH
ApoUecc) KOmoAssya

i A HeMeIL HEAWHERHOR CYTIEPIOIMILLH,

G CHMBOAHMCTEMN MeTos, A bepernMa s UHERATOROR,

I ApAMOL BLIMACABHWE COOTRCTCTDYVIOMMY OUEPETOROR B QCHORHOM OOQRAKS I:E}

HOAYHEHG "IBOAIGIHOHIIGE” YpauHerie Hal YPanHeHHe "Koporenx” BoAk B OCHORHOM Nopsake
NPUEAMKEHHDE KHATHAHICHHOS AMBPopEMITHAARHOS YDABUCIHE BTOPOrG OOpRAKEl, ONHCbIRa-
Her HPAMHERHRIL BOAUCBOR NpoOEEce B OKPECTHOCTH diponrowr [“yaxan was "RopoTean”
(?f:l.".r.'ll_"l'h? HZLilHHﬂAEﬁm}’mmHK GaAH 8 FSOMHAKOCTHRY CPEATX,

Kok UpeacswedHE YVEA3AlL J8AA4M, KOTOPLE DEWAIOTCR A8 OCHOBAMIEH  (DAYHEIHAOND
YEALIenn Oy reM KOHKPETEIANH Koad@uiHenTon, BXOARIIE B 9T YParienie.

1. Introduction

On the base of the strictly hyperbolic system of guasilinear first order partial
differential equations for the high frequency (waves of short length, A <<1) small
intensity {& << 1) interacting waves (weakly nonlinear process) by using:

a the phenomena of nonlinear superposition;
b the symbalic method of differential operators;
. the digect calculations of corresponding determinants;

i the principal approximation £ the gquasilinear second order partial differential
approxunation equation for every unknown function have obtained.
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The method, of an asymptotic expantion of solutions of hyperbolic systems of
quasilinear first order partial differential equations, has based on the work Choguet-Bruhat
[11, who had considered a single high frequenicy wave (without shocks) in a stowly varving
medium. This method yields the first terms of an asympiotic expantion,

In the general case, for m high-frequency, small-amplitude  interacting waves
{weakly nonlinear process), the method (which was noted) was gencralized by Hunter,
Keller [2]. (They called it “weakly nonlinear geometrical optics™),

The article (2] has important meaning for mathematical physics. In [2] the selutien of
the hyperbelic system of quasilinear first order nartial differential equations represented as
a superposition of small-amplitude, high-frequency waves, each of them undergoes
distortion due to nonlinear interaction. This is the phenomena of nonlinear superposition

It should be noted, that in [2] had explored broad class questions, connected with
nenlinear wave processes are going on in a gas-fluids media. In particular, in the man
order, authors had derived eiconal and transport equations, found their solutions by meuns
of rays (bicharacteristics) and etc. The work ends in appendix, where resulis of section 2 are
employed to the gas-dynamics equations (for the insentropic flow of a ideal gas; acoustic
problem).

The mentioned method was used by Carbonaro [3] for investigation of the one-
dimensional (relatively of space coordinate) non-stationery problem about non-linear
propagation of an initial disturbance produced in a compressible inviscid fluid,

It should be noted that, the equation (2.7) in {2] and equation (2.3) in [3] is same,

Carbonaro's work has some shortcomings, main of which are:

first; the author's requirement, * ., ['* depends only a single phase @, .." isn't
COTTECT,

second; A = (fr{,h;) isn't parallel vector for w, = (u:,u,z);

third; the requirement E(l'"'"): 0 not sufficiently grounded, (See p. 45))

The first time, the conical flow of a inviscid gas, at near tripie point (local zone at near
fronts of inleracting waves) was explored by Kuo [4] and had obtained quatsilinear second
order partial differential equation for fanction F(£,m)(f = (1/B)a'x"F(E.m) |

liga q ;
¢=uz[1+ f(r,8)], B=yM.—1, @ is potential of velocity, £, 1 are expressed
by conical coordinates: I, 8. (See details in the article). This equation author called as
similarity rule, which is good in agreement with similarity law in the gasofluiddvnarmics.

In former Soviet Union, the narrow wave region for problem about regular reflection
of the weakly plane shock wave from angle above /2 | first was explored by Ryzhov and
Kristianovich (5], They had introduced special moving coordinate system and slow-time
(T=In?7, non stationer problem) and concerning of these coordinates and time had
obtained the system of | “short waves equations™ for isentropic axisymmietric motion of an
mviscid gas,

It should be noted, that the system of crjuation (1.12) and (1.14) (see p. 588 [3]) isn't
comected, this system is equivalent to one gquasilinear second order partial differential
equation. It isn't clear; as & moving coordinate system with waves fronts is connected.

A denvation of the system of approximation quasilinear first order partial differcutial
cuations, describing non-stationar motion of 3 viscosity  thermal-conducting
inhomogeneous liquid at near of the front of weakly shock waves is main result of the work
[6] The systemy, which was obtained concerning of the cartesian coordinates (fastenng
with fromts of waves) and dimensionless (independent and unknown) variables, is
equivalent to one of the quasilinear third order partial differential equation.

It isn't clear; the passage 1o the dimensionless coordinates, in particular,
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x =LAx, L, A have dimension of long,

In the work [7], which had been written in the style; “much in lirtle” {conglomeration),
had given the general description theory of “shon waves”, On the base of a general form
hyperbolic system of quasilinear first order partial differential equations in the work had
described evolution of weakly non-linear process of interacting waves in a small vicinity of
the contact point (for plane problems) or the contact line (for space problems) of wave
fronts in continuous media (solid deformation bodies or gas-fluids media), where there are
solid boundariesor solid bodies. Authors, by using symbolic operators method [8], and
some heuristic calculations in principal approximation (ﬂ(";’} - U(E}} the quasilinear
second order partial differential equation (“short waves equation™ concerhing every
unknown function in the system of moving beams coordinates have been obtained. OF
course, these beams aren't bicharacteristics of initial hyperbolic system.

Author of the article [9] had described in more detail, strictly and well-grounded some
results about building solutions of the system of linear and quasilingar first order partial dif-
ferential equations in vicinity of contact (in particular, tangency) point of waves fronts,
which was published in his early works (in particular, in the book “Propagation of waves in
conuinuous media™ Yerevan AS of Armenian SSR. 1981, 303p. See chapter I, §2, [7], 43
and elc:)

It's necessary to indicate the article [10] alsa, where a propagation of weakly
magnetogasodynamics perturbations in a inhomegeneous conducting viscous medium s
considered. in the presence of initial movement. Author had introduced same maving
ceordinate system that in [6] and the orders of perfurbations had estimarted as there, in spite
of, in this article there 1s a applied magnetic field.

It should be noted, that the main drawback of works [5-7,9,10] is separation of
interacting weakly waves from each other, without of additional condition,

I an end of this inreduction, it's neeessary to describe the essence of nonlinear
SHperposition

It's well known that, the nonlinear (in particularly quasilinear) hyperbolic system
doesn’t permit the superposition of single natural modes, each of them propasats
independently, Due to the interaction between different modes (nonlinear wave process),
takes place cumulative distortion of a wave profile. Despite on this fact, for a weakly high
frequency waves, as showed in the work [2], the cumulative solution one can represented 45
superposition of single modes in the presence of additional condition (3.2) (see p.7)and
ebtaining separate equation for every modes in the main order &

1. Statement of problem.

Let waves of high frequency (A<<1) and small intensity (& << 1) {ulirasonic or
clectromagnetic) are propagating in a gas-fluids media, where can be solid bodies or
boundaries, which os usuall excitent the interaction between different modes. In general
case, the movement (supersonic or supercritical) of inviscid inhomogencous sas-Nuids
mediz one can describe by hyperbolic system of quasilinear first order partial differential
cOuaEtions: At

.4[.“{{;} - + B r.._'lr_p'rj = 'D 2 |
y e ; L1
k
where 1, 7 =1....m; x, (k=0,1,....n) are independent variables. [/, are eomponents of
vector [ and characterize the properties and movement of media, 53, are components of
. ' k
veclor B and characterize as usual forces excitent 2 movement: :‘1;_ ! are scalars. As usually

X = lisatme a‘% Xw (N = I...n)denote the hyperspace cartesian (Euler’s) coordinates.
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and the condition of hyperbolisity of system (2.1), bicharacteristics or rays and etc. These
conceptions have been described very good in the famous beok-meonograph [11], which s
very difficult for reading,

A solution of the system (2.1} one can be represented in the form
U = U+ Vix)
where X = (x5, x; ..., x,)is vector, U is exact solution of (2.1, which isn't smgular
and describes an initial (basic) flow of the media, F{x) is perturbation
Smee the intensity of propagating waves is small, consequently

0 = - Juo|<<)

Where {/ is surplus volume of (/.
Alter substituting this solution in the system (2.1) and expanding

e A S
4,"U"M+¥] B ; (Um +V) the power series and faking into account “U
approxinution, in first approximation we obtain

* I:|:| y £ a'rx

Lr) Tl T 5 PN ks d

af U™y —L+ b, (UOW, =W, L
fre,

(2.2}
i

s a L) . ¥

w_ gl o 4P| e & A

where ﬂl.-' = _-‘f?.j ({.-F l b.,' = o e g g =t i

el it o, Uy : al;

The orders of the temms included in the systemn (2.2) m-cartesian coordingtes it is

impossible to find, since they are fixed coordinates and describing the global disturbance of

medium, Therefore it is necessary to introduce moving coordinate system is fasténed with

waves [ronts,

For magnetohydrodynamic problems the number of independent  varjables
{coordinates) (nonstationar, nonlinear space problem) 15 four. The formulss of
translormation to moving coordinates (beams coordinates) are;

T, XX C=L(x,x,,x,), 3 =3{x,x,,x,) (2.3)
where T is directed along normal to front of the wave 7 = 0.8 . G are dirccted along
tangents to surface 1 = (),

The ongin of moving curvilinear coordinate system 1s located in the contact line S{p)
ar contact point (1) of front waves. (see Fig,)

It should be noted that, in general case 9. £ depends on time also; but for Y
magnetohydrodynamics  practical problems (propagation contrary  ultrasonic or
clectivinagnetic waves in contimuous media, diffraction of gravifation waves on rigid
obstacles and etc.) 3, £ are stationer beams.

From physical aspect of the under congideration problem are following:

first, the intensive changing of wvolues of disturbing gasohydrothermodynamic
parameters of a gas-fluid flow are geing on in the vieinity of langential poimt (1) or
tangential line S(¢) (sce Fig ),

second, in the noted region, moere fast changing of these parameters take place n
direction T for scalars and for nofmal components of vectors, i.e

g v Fo o _ | ...' :; | 4
¥ II,*I'J1I"JI—H”H? g, |If”<:<::u; (2.4}
(V] wre scalars or normal components of vectors, [ are their tangential companents)

third, the character size A of narrow short waves region to normal T=0 is sirictly
small. than the character size L along to the langental direction ta the front of wave, i e,



wiapgosd surepd uonvagIp (2
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A=<l

As it was show in the work [12] (see p.46, formula (1,1)) A~L2.
Inaccordance with [5-7,9,10], A has order g consequently

Fu ou
A~g, L-g™? -E—:E‘r-v —BT:L-ham. E‘r-wl (2.5)

3. The system (2.2) in the main order and its some solution,
The transformation beams coordinates are describes by formulas

o, cu | ou ou,
= g + tYe —, N=1223 (3.1a)
a, M P twg
at &9
where 0= — By = —— W= —% wid e » By, ¥, are components of
W e, | 2, N o, no By Ty

tiormals respectively to the surfaces: 1,9, = const
It should be noted, thar

1 — ;| e
H, :«hm]z . H, :1IJ%F Hq :J;{(Tﬁ }-Ijz

=i
are Lame’s coefficients,
One canput ©=T(x,, x,,%,)— 1 Consequently
- % & =
E{:‘_.—ﬁ. ﬂﬁ:ﬂ s o (318
2z X - LR +
it ot ér ot o "M &
Comment; some interpretations by diffraction problem;
Tis time of runing from the initial gravitation wave till to the current point M along a
diffraction rays, 1= I, = const is lime of waves propagation, 1 is time of runing from poim
M il current front of waves (g

Afler of the passage in the system (2.2) from independent variables: 7, B ol T o

i
ci |

Xy

news variables: £, .3, by formulas (3.1}, (3.1b) and retaining only the terms which

tuve orders no more than £ in obtained system and using estimations (2.4}, (2.5). one cun
obiam

e e S i

. (5, ;

(9} ) Ny J (W) i F—
a, — oy, Qz ="} ® a;r {ﬁ.nr il g e
or 3 tha 8

che

" N ori) I
{0 £ Co g = byu,

Using the phenomena of nonlinear superposition for high frequency weakly waves, in
case of two interacting waves the solution u can be represented as

U= y'”{r,xl,B,§}+z:f23{r,rl,5,c;} or u, =u}"(1,7,,8.0) +u'!"(t.1,.9,0)
cach of thern satisfies \he condition

T
B e :

= Iuj"“ldtm =0 (32)
F ]

Where Ti=2m/@,, ©>>1 is typical frequency of waves,
It’s very important to note, that the condition (3.2) is right condition for high-
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frequency, weakly intensity interacting waves, which permits to separate different waves
from cach other in main order (g)

Comment; without the condition (3.2) it's inpossible to separate high-frequency,
wenkly inlensity interacling waves [rom each other and to ebtain quasilinear first order
partial differential equation for each wave. The essence of the non-linear superposition
consists just in this: (In the general case, the interaction process is strictly non-lingar,

By substituting the last solution in the last system and producing average to T s with
respect to the condition {3.2) for wave with eiconal T, one can obiain

k) () = () (R
{_?H. e i
i) "'-"J (o, My (M) ity My T
G e (e g el e g (B Yy ——)=
o o, o3 ol
aum
= (N3N ) () .
=( 0Ly C'L_; 4 C.«_H YU, 31: bgua, (3.3)

L
[t"s easy to show that, the last term in the right side of this system wlich was

neglected, has' order g%, 1's well known that, each wave one can be presented as a
superposition of harmonic waves, i.e,

u'= Rel Z% ke

Of course, in gc:wral case it should be better 1o represent the function as Fourier
integral, bul this will nm 'ulﬂuence on result.

] j ; T
e e [2) S
H E P sin{m + n)1,|,) =&
1 I |0

T, or, b " +n]|T,

since =<1 and {l}ﬂm . :ﬂjn

The corresponding system of  differential equations for wave T, =0 is written
similarly.

In null approximation from system (3.3) we obtain

=, (1)

‘
L.-. 1 )
(G & - g ==
i

and the general solution of 1last system one can represent as

= L L)

where £,( T, ) are a powering functions; f- 7, behind of the wave front, and are ) is
before them, o =0 15 a panuneter chmctanzmg gingularity of functions [, (I, arc “fst”
changing funcuons nearby of the wave front: T,{7,x,,%,,%,) = 0.

After the substituting this solution in the linear system, In null approximation we
abtain

fop it =gy =B L 000 - g
[} i i El ar 4
3

Since we are sceking non trivial solution of this system, consequently its the
determinant must be 0, Le.

A .
D= detlj e &t/ G =det foyal ) - al” | = Z+ ﬂ(a"“ —ay}=0 (4

"
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M & . . .
where each a, }aN—aff] s element from of ith line and of v th column of Ly,
Jd

Vs, ¥, are different possible permutations of natuml numbers: 1, m We should take
the sign + before terms, if substitution

( 1,2,..m
LLII i ]J: artrg IIIm
15 even, and sigm - otherwise.
[t should be noted, that Ly and T, =0 are chamctedstic determinant and characteristic

surface for system (3.3) in the null approximation
Thus! [n the null approximation the solution of the system (3.3) is wriucn in the form

' =uy "RV (x), where R{”(x) is right null vector of matrix et &,/ & xy. Sinee.

lJut convection terms in the right side (3.3) have higher small orders, than other terms
{except of the local term), therefore this solution must be substituted i nght side of (3.3)

Consequently. the system (3.3) can be rewritten for eiconal T, inthe next form.

e it Cie
(8~ (M) 4ty Ml G 1
a;’ ——+(oy a; -a, ¥ Pt Ll T iy K
R ¥ S O
= {10}
Vo O i1
= K ut® -ﬂ——b#fff'jta"'ﬂ] (3.5)
ot
where K = {C,:,;'r’ - J"""}R R;.

(Here and future the index (1) omits 2t 1, T, K, and R| or R‘, 1,

4. Evolution or short waves equation

Subsequent development of material of this item will consist in obtaining the
quasilinear second order partial differential equatien from {3.5) by using symbalic method
of differenual operators [8].

in the book [8] (chapter 7, item 7.2, p.372) have been confirmed

"o In the some sense, operations of differentiation and imtepration satisfies the
arithmetical rules...”. On the page 383 have been written “ The process of oblaining the
operator selution of the system: a,dy,/dt + buy, = 5{x) coincides with process of solving of
the system of algebraic equation relatively to v, (Ly,= 8 L= aadidi + 5,0,

The essence of this method consists in following; the linear differential operators are
represenied as polyvnomials and the operations of differentiation ean be produced as
arithmetical multiplication with them. Such formalities provides exactitude only ecldest
derivatons

O the base of this method, the operatoring solutions of systeny (3.5) one can be
wrilien in the form

=X ﬂ' or DH *1 :i‘”" 0 (4.lat)
where D(DU} de[|‘ﬂ,}|| is operatoring determinant of the system (3.5),
D, =a)" (o, 8181+P,0/08+y,6/80)+ al™ (816t -8/ br),
D, is also operatoring determinant which can be abtained from D by changing jth

column in it t “ 0 K?dlm] b1 Al s bR, uto

Ay are algebraical supplements of jth column of 2.
Tl should be noted that, the equations (4.1 ab) are exactly relatively eldest derivation

fri



;. But these equations aren’t evolution eguations. Therefore, in their it is necessary (o
retain only the terms which have orders not more than £ [5-7,10].

The operatoring determinant [ can be presented as sum
Ll
D=3 +[1b,
Vi iV 1

where each D, is @iy ' ( o, 8/ 81+B,0/08+y,8/8C)+ a,’(8/er—alen),
Here we are introducing the notations;

Dy =(onay’ ~aiyelen. D, =D+ D, , D, =D, +Df,

D], = al (159 +Tﬁruf6‘t;:1 Dy = a‘”’ﬁf@r o
On the base the estimations (2.4), (2.5):
D.{:j} urO(1), E!g-v Oce '™, D_,! ui~O(e)

By realizing corresponding calculations, raking into account these orders by using
condition of compatibility (3.4}, one can show that

Duy = Zilz HD‘“’ (DL, +Dl )+

Vi =1 g=l.qgm

m-1 B k=] n -
(o} L0y oy " Wi, =
v 2 2 1185 T1 D00, DYy oe™y (D, =) @)
k=1 i=k-l x=i g=k+1,a=i
The common view of elements Ais Dy, .D,,, D, .D, ..D,

and A,rdf"“]=2{ 3 [1DEHa™ +0(e™) (4.4)
1=

Moo Yoo Mg s Y ]

where V2, S i-1, 4, I+ 1. (It's clear that when j = i-1, #, i+ ] multiplier in the right
side of Tast sum is dbsend). The indexes: V|, Vi, Vg, Vil v Vi ooy ¥ o 218 possibily

difference permutations natural numbers: 1,2, ., v-1, V+1,../,...m
It should be noted that, in the operatoring determinant A&. it is retained only the terms

which have orders 1, since a’f"nj have orders g
Adter of the substituting the expressions fo }, D,', . E from (4.2) in the (4.3},

{#.4) we obtain corresponding ¢xpressions for Du ; and Audfl'u}. By substituting have

obtained expressions for D , ind Audlﬂ'ﬁj in the cquatiﬁné (4.1b), taking mto account

ﬂ,']u} +ev" & one can receive the final form of evolution equation or shor

(M) (M)
-m-'fr”“l" ‘fh.l"

thit W, =Eu
Waves ciualion;

T Foakarnay | Tu 5 5o, i

k=] i=kd)
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© d'u, 20 &u, &*u, 7 g &u) p du, B
<Py =+ =4 —{u —L|+4 .
v B g g [ A e

where prpt. '1_[(:51”'J _T,] , A, A are df:t“ Mo —aif“}li] in which the

elements of jth column changed through K, and b, K, respectively.

lt's very important to note, that the difference butween in "short waves equations”
{29) have been obtamed in work [7] (in which the differential  operator

Mp, (;,S] = ﬁ{pﬁ + P, g, +q, Sy + E) is substituted by expression (2.11); see pp. [51%
| 520) and this article consists in difference of their coefficients. This 15 the consequence of
applying methods. In [7] ﬂ(pg +B, 0, +q, 5, +F ) is expended Taylor's symbolic
series and are calculated by heuristic way its coefficients in the main order ({] j U{E}
In this article by using symbolic method of differential operators was produced direct
calculations of corresponding determinants in the principal approximation («U(E)} ;
Conclusions

First, the quasilinear second order partial differential cquations (4.3) which arg called
evolution or short waves equation, for each u, are exact in the pringipal approximaton (€ )

Second, for each mapnetogasfioiddynamic  problems:  propagation - conteary
axisymmetric ultrasonic beams in acoustic resonator filled by magneuc fluids with gas
bubbles with presence of magnetic field or diffraction of gravidon waves on the ngid
obstacle and etc., the coefficients including in this equation one can be define concretely,
This will be application of this theory and are themes for next works;

Third, in the nght side of equation (4.5) one can be add the terms

E&F U, &, Fdu, ! At which are describing the small dissipaive and dispersion

effects and have smaller high orders than principal approximation;

Fourth, equation (4.5) can be simplificated by using the condition: of compatibility
(3.4), equations of bicharactenstics and etc, on the base approxunative and heurisue
calculations, But [ am not supparter such methods in present modern powerful computers
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