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Dual integral equations method is used for the solution of a wide class of problems in
mathematical physics. This method may be considered as a generalization of a separation of
variable method for the boundary-value problems with mixed boundary conditions. There are a
Iot of papers connected with the application of dual integral equations method for the solution
of mixed boundary-value problems of potential theory, theory of elasticity, heat conduction
theory and electrostatics. The monographs [1,2] include the systematic account of this methad
and the information aboul its connection with mixed boundary-value problems of potential
theory. A lot of application 1o mixed boundary-value problems with one boundary line of
boundary conditions of the first and second kind are analyzed in this monograph. Further
generalization of dual integral equations engendered, in particular, by Hankel and Fourier
transforms, is associated with the solution of so called triple integral equations in the case of
three intervals with different kinds of boundary conditions [3,4]. Elecirostatic problem for a
plane circular ring is a typical example of such a kind. The solutions of mixed boundary-value
problems are considerably complicated in the case of more than three intervals with different
kinds of boundary conditions and it is necessary to elaborate the efficient methods for solution
of corresponding integral equations.

In this paper the method for reduction of dual integral equation systems with Hankel
kernels Lo infinile system of algebraic equations is proposed. This method may be used for the
solution of various mixed boundary-value problems of axisymmetric potential theory in the
case of an arbitrary number of intervals with boundary conditions of the first and second kind.

1. Let us consider an axisymmetric solution of the Laplace equation u(r,z) in the
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cylindrical coordinates system in domain of an infinite layer ¥ =0, 0 < z < k. This solution
is satisfied the following condition

u(r,0)=0, r=0 (1.1)

in the plane z = 0 and mixed boundary conditions
u(r,h) = f(r), a<r<b, i=12..N (1.2)
M =0, 0<r<a, b <r<a , i=12..N-1 T=th (1.3)

a |,
in the plane z = A,
We suppose the function #(r,z) 1o be limited for + — 0 and 1 — %, and represent

the function &(r, z) in the form of Hankel integral transform

u(r,z) = f C(E)shEz]  (Er)dE (1.4)

with account of condition (1.1).
Substitution of (1.4) in the mixed boundary conditions (1.2), (1.3) gives the [ollowing

integral relationships for the determination of the function C(E)

fshE}fC(E).!‘.!‘Er)d§= filr), a,<r<b, i=12..N
. (15)
ﬁch?aC(E)Jrj(ﬁr)aE =0, O<r<a, b <r<a, i=12,..N-1 r > b,
(1)
Egs. (1.5) may be wrilten in the form
[(1-GEME, @)= f,(), o, <r<b, i=12. N 16)
[}
jE_f\(E)J'“(Er)aE=G, O<r<a, b <r<a, i=12.. N-1 r >h, (1.7)
n
where is denoted
A(€) = C(E)chEh, G(E) = [exp(~Eh)]/[chEk] (1.8)
Passing to solution of the integral Egs. (1.6), (1.7) we assume
P S () COS M
[AGIENE = 3 e T, g <r < (:9)

where ¢ (i =1,2,.., N) are unknown coefficients and

s
oS, = = (1.10)

i 3 3
b -a




(b —r)rt -a}) (1.11)

(N b +a, :+ b,—a,z_zbﬁa‘ b-a e o
sl e (112

for 0 <, <.

and besides

Then on the base of (1.7), (1.9) we get the following expression for the function A(E)

N = ".
X X0} COS N,
AE) = 22¢ IJ,,(E:‘) T rdr (1.13)

using the inversion formula of Hankel transform.

In accordance with (1.12) we perform change of inlegration variable in the right part of
(1.13) using the formula

i ;“‘ singdp, (0<q <m)
Then (1.13) takes the form

A(EJHZ(ET]E, "’fr'"(.b.-)cmmp dep, (1.14)

Using the addition formula for the Bessel ium.tmn

J“(@‘)=J.,(Eb' +a’}1 ( J* ?_ZJ [E - ’]J (E zar]COSk{pl.

2
(a <r<h (1.15)

A®) - (nmz b} - 2"’: [E ‘)J (g = ] (116)

Substitution of the expansion (1.16) in Egs. (1.6) and change of the limits of integration
and order of summation givx: us

b, b,
(nl4)2(b -a; )2 e J'(l -GV, (F,ry,,[ = }!(E :
(j=12aM), (@, <r<b))
Nextin accordance with the expansion of the functions f,(r) into a series
[, =/2) £ + Zf,[”’ coskp,, (0<g, <) (1.18)

and account of the addition formula (1.15) on the base of (1.17) we get the following
infinite  system of algebraic ecquations for determination of the coefficients

& (n=12,..;i=12,...N)

we oblain

_gr A
2 JHE_I’(I) (1.17)



E(b —a; )Z QY = 2Im P, (k=012,.. ; j=12..,N) (1.19)

where the coefficients Q1 can be obtained using the formula

) b +a, b -a, bi+a; g0
e s e T

(n, k=0,12,..:ij=12..,N)
and as satisfying the condition of symmetry
Q{u: Q[.u! (1.21)

Thus the solution of the integral Egs. (1.6), (1.7) reduces to the solution of
infinite  systems of algebraic Egs. (1.19) according o unknown coefficients

¢ (n=012..), (i=12,..,N).

In the particular case of N =1, al =a, b =b the system (1.19) takes the form

N i PR 122
% = (b_ 7 fo ) (122)

where
-
v = I

Q, = G j (=G, (), ()], (), (en)edn (1.23)

G(n) = G[i], a=(b-a)/(b+a)
b+a

Further simplification of the system is possible for the solution of boundary-value
prablem for a half-space r =0, 0 <r <cc. In this case the axisymmetric solution of the

Laplace equation in the domain z > 0, r = 0 is written in the form:

u(r,2) = [C(E)exp(-Ez),(Er)dE (1.24)

and mixed boundary conditions in the plane z = ()

u(r,0)= fi(r), a <r<b, i=12,.,N (1.25)
j‘“gj‘l =0, O<r<a, b<r<a,, i=12.. N-1 r>b, (1.26)
< z=(]

reduce (o the following integral equalions for determination of the function C(E)



j'C(E)![,(gr)d&= fr) e sr<by =12 N

4 (127)
[ECEENME=0, 0<r<a, b<r<a, i=l2..N-L r>b,
Inthe cascof N =1 (@, = a, b, = b) the solution of Egs. (1.27) takes the form
e e b bil
CE)(n/4)(b? -a®) CH.I"(E——:E)J”(E 2") (1.28)

where coefficients ¢, (1 =(0,1,2,...) can be oblained using the solution of infinite system of
algebraic equations
- 2
CW, = —— (=102 (1.29)
z 3 J'[(b_ —a!) Jrl 3 )
Here

W, = (2/(b+ n))fJ,,(n).!,,(m]),f*(l]lfl(ama‘n (n k=012,..) (1.30)
i

2. Let us analyse the coclficients @, determined using the formula (1.30) in the form of
the improper integral of the product of four Bessel [unctions. The simplest approximate nume-

rical method for these coefficients is based on using the representation of . in the form
= ——2 IlIJ' / / d ——2 ‘ /.M / / i
w, = W (ar 1 andn + G oy 1 ondn (2.1
i bﬂ:-{{ M (e M (coen b.p-.rb! ,.( M ( ]}i(]}x( D (2.1)

where the reason for choice of the value 1), is the possibility of using in the last integral
asymplotic formulas for the Bessel functions

J,(m) = ’ni‘q cos[n - % - E] m=n,) (2.2)

The asymplotic expression
J 0, ), (e)d (o) = (/@ a))[L+ (=17 +((=1)" +
+(=1)" )(sin 21 + sin 20m) + cos(2(1 - a)n) = (=1)™* cos(2(1 + am)]

15 correct with account of (2.2); Using (2.3) we obtain the following form for the second
integral in the nght partof (2.1)

SO ), () (anydn = (1 @ emg))[L+ (=) +((=D)" +

2.3

+ (= Ul )(sin 2]]“ +sin 20‘.1]" ™ ZT]UCI‘{EI]HJ = 2':‘("1UCE(20"]:1}) 3 5
(2

i CUS(?'(I e a)rlll) s (" 1)"“‘ CUS(Q(I * ff-)ﬂu )+2(1- G)Tln-ﬁ'f(z(l = Cl}l],, )=

= (=1)"* 21 + ey, si(2(1 + em,)]

Here



smE

si)=~[ 28, cio) =[S

The first integral in (2.1) may be calculated numerically. Let as show another method of
reduction of the integral (0, to the form, which is convenient for numerical calculations.
Using the formula

J (), (an) = (l;’n)j'..' ,](1]\,1'1 + o’ — 20Lco8 Ep)COS nepde (2.5)

we gel the following expression for (0,

W [ : ; - ) = % Jo' cos ncp_!cos ke[ _!: JoMmp(@)Womp(0))dn ]d@d{p 2:6)

where p(@) = /1 + &’ - 2cos @

The value of inside integral in (2.6) is known

K(p(tp)) 5
%)
fJ me(@)J ,mp(8))dn = 2 p() p(6)

THEo A
P(CP) p(®)

Here K(z) is the complete elliptic integral of the second kind.

(2.7)

Then we obtain the representation of coefficients @, in the form of multiple integrals
between finite limits

[b+a]wﬂ $2 - cosuq:r K{p( )]dﬂd
2 p(‘p}
= a0 ex[ P )]ded

f p(p) fc e p(p) 2

Since the function K(z) has singularity if z — 1, then inside integrals in (2.8) should be
reduced using the relationship

K(z)=11'1(4/\1'1—zz]+0((l~z!)lnv'1——zzl z—>1 (2.9)

In consequence we get
b+a cosng”, p(B) In 4p(wp) d6do +
[ } f p() -.’: K(p(m)] [J"_ JeosB—cos ” ¢

cos p(©) 4p(9)
fp(m f [K(p( )] = [\/—_,fcosﬁ cos ]dBdQH

(2.8)




cowcpsmk:p 4 e *coskpsin ng L e
-'rr’c~r p(e) (v'-_ p(m)]dq) ’f*v! p(P) In(@ p@)]dq}

= ]fcowq}fcoskalﬂcosﬁ cos @ HOdp —
0 P(@) 4

(2.10)

1 ".cosk
- cosnBin | cos 8 - cos ¢ [ibdp
J: p( )f

Finally using the known expansion

o Cos mB cosm
In | 2(cos 8 - cos ) |- -22—————['] (2.11)
= m
the inside integrals in the last terms of (2.10) can be represented as series

sin mpl

nz_mcosu(p_

fcosnBIn | cosB - cosqplif = -
] n

(2.12)

"2' sin(m — n)qcos me 2 Q SInmpeos(m + n)g Yo

m(n —n) = m(m + n)

flnimqﬂ cos@|df = —qpln2— Zzw (2.13)

5 m
Let as note that the solution of the system (1.29) permits to determine the function C(E)

satisfied the integral Egs. (1. it N =1 using the formula (1.28) and, besides, to obtain the
value

= b:_ul r!‘_al
CEV, = V(1 ———_ | @14
u‘@ ©J @%Jm T S e

where T, (z) are Chebishey polynomials of the first kind. The value (2.14) is important for
the analysis of conerete boundary-value problem.
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