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ON DETERMINATION OF ELASTIC CHARACTERISTICS AND
INITIAL STRESSES IN PLATE AND MEMBRANE
(INVERSE PROBLEM)
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In the work an attempt is done 0 consinict o rational method for determination of the elistic
cocthicients and initial stresses in nonhomogencous plittes and incmbranes by vse of expenmental results

Two variants of unknown values determination are suggested. The first variant is
the analysis of the plate deflection under action of the surface static forces. The second
variant is the analysis of frequencies of the plate free vibrauon, It is clear, that the
combimation of two variants for determination of all unknown paramelers may he used
Lo,

I.Equations of motion ol the considered plaie with o constant thickness h, in the
cartesian system ol coordinates have the farm [1].
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Here. contast (o [|l|: problem classical statement. the unknown nitial planar tensions
1} 0 il )
N (\ N ( G \').?” (l\) are meluded also. In (L) we have the known

presentations ol the plates bending elassical nonlinear theary for the moments and

lensions
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In ahove mentoned i general case it s assumed that unknown vilues E - Young's
mcduli, v-Posson's rtio. 2 - plae matenal densiy and - also il tensions

dx v

(1.4)

it T :
NY, N T are functions of coordinates v and .

2 Bquations af the plate static bending can be represented as (ollows, if unknown
values ure homogeneous [2]
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where W ois the plate deflection, @ 15 the suwess [unction and planar ensions ane

(|

represented by @ as follows
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Let us consider a rectangular plate with the following houndary condinons

u=yv=w=0M =0 whnxv=0u

u=v=w=0M =0when x=0."5 (2:3)
The plate deflecton is presented i the form
: . T niw
W= Z SN A == ST (2:4)
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Then [or nonlinear aperator L[_il', H-'} 15 received (3]
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whete far coefficients ij.' we  have
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As in brought formulas as also in l!ctuw. 1L 15 necessary Lo account 1]1.1[ members with zero
or newative indexes are equal (o zero.

In this case the particular solution of the second equation of (2. 1) hus the

lorm
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The solution of the homogeneous part of equations (2.1) is presented in the form
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Assuming that planar tensions are  constant and satisfying the  boundary

hit= —2P xy (2.6)

conditions (2. 3), we rcccivc
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Then the expression for stress function D will be
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On the basis of (2. 4) and (2. 8) the nonlinear operator L(\l-‘.(’D) will take

the lollowing form

Liw, @) = 2 F,, sinA vsint, v (2.9)
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Then we shall receive
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Al lust, in accordance with (2. 1), (2. 4), (2.9) and (2. 10) for unknown T
we shall receive
DA, +1E) Fun = Fo = (NOXS, + O s + T8 G+ 211
14t
where g, are coellicients of sine decay of - function g(x, y)
It is necessary o have five values of plate deflection in five pomts lor
determining unknown £, £/ (I —v"). N'\’.N:".Tﬁ . Then we must determine live f

coefficients Trom (24). At last we must take five g, coefficients from the funetion



q{.l;._\'} decay and we shall determine unknown values from five equations of system
(2oL
It is necessary Lo point, that as here as also later on, some of unknown vilues can
he determined from one-dimensional problem.
3. The lincar equation of plate [ree vibrauons will be
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Far simply-supported plate the [requensis are determined from following equations
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If we know four frequencies [4]. we must Lake {our equations lrom (3.2), From the
condition that the determinant is equal zero we receive the following system ol four

equations for determination of N NPT and D(m-Ef’ [I - v’ ))
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Let us consider an example for illustration. A square plate (axa) with tickness h
and constant material density p s considered. It is known, that N'=N'=0 and
plifie frequencies @, . @4, are found from an experiment. The bending stiffness D and
initial shear tension T:,‘ are determined
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Here @4, 2 4@, and T = 0. when @, = 40,

4 In general it 15 impossible to determine the function of nonhonagencity even in
particular case of nonhomogeneous beam by [requences spectrum ol single vibration
prohlem. But there are some problems, when this question has a unigue solution. One of
{hese is the problem ol heam vibrations with piece-constant along length clasticity moduli

E(x)=E, when [,y Sx<l, k=12...n 1, =0, [ =1 (4.1)

Such distribution will be possible in a particular case when the beam consisis ol n
anisotropic crystalls and each of the crystalls has different orientation concerning the



bean axes
The direct problem solution, when E(x) is known and material density is

constant. is reduced to the solution of following system of equations for simply-supporied
beam
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Frnm the condition that the determinant of system (4.2} is equal (o zero we
receive the equation for frequencies @) determining.

It is necessary to have 2 frequencies  (in accordance with unknown I
number) for inverse problem selving, It is possible to do it by the loliowing way also. 1o
deternune £, in accordance with matnx diagonal members, and late on o put £, n

nondiggonal members as known.
5.t is interesting to consider the inverse problem in the membrane case. The

membrane 15 stretched in the direction of X axis by an unknown tension 1 (_\-‘} and in
the direction of v axis by an unknown tension z’:{\) The deflection function u(.\'._\'}
i known, when normal force g(x, v) 15 given. The determination of tensions 73, T is

required.
The prablem is reduced 1o solyving af equation

f(\]a”+1'\(.}—-—"q{l.\} (5.1)

with boundiry c:mduuom
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Let us consider the direct problem for the particular case at first. [t 1s assumed
that the membrane 15 square and known tensions satisfy the following conditions

L) =T/ LE)= T, f(x) (5:3)
} when the force :j'(x._\'] is given,
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It 15 required to find the deflection function H(x.

The direct problem is solved by use of the [ollowing presentations

U= iz A, smAd xsind,y

=l sl
!(,\'}=2ul cos A, x, .f(}')=2ul cosA, vy a, =1 (5.4)
k=0 L=0
q= zzqm sind, xsind vy, 4, = Er-(,:: = n.ik)
el = (2!

Alter putting (5.4) in (5.1), collection and making equal 1o zero coefficients of members
sind wsinA, v we reccive the following infinite system of equations with respect 10



unknown constants A,
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From (5.5) it follows, that coeflicients A, are determined in unigue way. when

a, and ¢, are known A are determined in unique way independently [from

conditions (5.3). Hence, the dircet problem: has unigue solution for arbiary tial
tensions. An ordinary method of the direet problem solving is consecutive solving of the
shortened system of cquations instead ol infinite system ii 5). For example. as o frst
approximation we tuke. instead ol (5.5), the system ol [our imtal equations. in which
coethicients A, A Ay, A, are leaved only. Then these  coefficients are

determined in unigue way
Lot us consider the inverse problem for shortened system. There

¢ known
Al Apye Asps A,y . (detflection function or, more exactly. four inital coefhicients of
deflection function desay). ¢y« Gag« Gy« Gan (mormal foree function). It is required 1o
determine mitial tensions in the case (5.3). From the shortened system we shall hive

24, a5 + (A + Ay Jay = 2q, A7TS 444, + 4 + 4y,
-2 A,m‘—(";z’i + %A Jay ,—A:lA,l(Q =

(AA, A% A“)cr
= —%;P =l a(a5 + ) =244 oA +A%)
[J A, Ay )ay = A Ay, — [.l';,f‘l,, +A%A,, Ja, - }:,.4\_.,:'14 =
—2g, 1y =24+ 25)A, (5.6)
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The system of four equation (5.6) determines in unique way coelli

(el
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